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Abstract
The main aim of this thesis is to investigate the foundational principles
of quantum mechanics, to find methods to test them experimentally, par-
ticularly in the realm of macroscopic objects. In other words, our study
is devoted to detect effects that can be attributed to a violation of classi-
cal principles, such as local-realism or macroscopic-realism in macroscopic
systems, e.g., large ensembles of atoms. At first, after reviewing the basic
principles and defining what a quantum state is, we will retrace the historical
debate started around the foundations of quantum mechanics.
According to the developments that followed the celebrated result of Bell
we will argue about the difference between the “truly quantum correlated”
and the classically correlated states in multipartite scenarios. We introduce
the subject of entanglement detection and show the idea behind our specific
approach, that is tied to systems composed of very many parties: detecting
entanglement through uncertainty relations.
We will focus even more specifically on the so-called spin squeezing in-
equalities, that will be one of the central topics of our investigation. We
will outline the relation between spin squeezing, quantum metrology and
entanglement detection, with a particular focus on the last. We will derive
spin squeezing criteria for the detection of entanglement and its depth that
outperform past approaches, especially for unpolarized states, recently pro-
duced in experiments and object of increasing interest in the community.
Furthermore, we will extend the original definition of spin squeezed states
by providing a new parameter that is thought to embrace different classes of
states in a unified framework.
Afterwards we consider a test of quantum principles in macroscopic ob-
jects originally designed by Leggett and Garg. In this case the scenario
consists of a single party that is probed at different time instants and the
quantum effect detected is the violation of Macrorealism (MR), due to strong
correlations in time, rather than in space, between non-compatible observ-
ables. We will look at the problems of inconclusiveness of the LG tests arising
from possible explanations of the results in terms of “clumsy” measurements,
what has been termed “clumsiness loophole”.
We propose first a scheme to test and possibly falsify (MR) in macro-
scopic ensembles of cold atoms based on alternating Quantum Non-Demolition
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measurements and coherent, magnetically-driven collective spin rotations.
Then we also propose a way to address the clumsiness loophole by intro-
ducing and computing an invasivity quantifier to add to the original LG
expression. We provide numerical evidence that such a clumsiness-free test
is feasible under state-of-the-art realistic experimental parameters and im-
perfections.
To conclude we present on one hand some preliminary results on possible
further extensions of the spin squeezing framework and applications to the
context of statistical physics of spin models, and also some possible future
directions and applications of QND-measurement based LG tests.
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Introduction
In parallel with the development of a well defined mathematical formalism
of quantum theory [48, 175, 20], a debate started concerning the striking
contrast between “spooky” quantum phenomena (incompatibility between
observables, collapse of the wave function etc.) and classical principles, such
as the fact that outcomes of measurements just reveal preexisting properties
of a system and can be in principle obtained with an arbitrarily small per-
turbation of the input state [175, 22]. Even more strikingly, as noted first by
Einstein, Podolsky and Rosen in their seminal paper [52], quantum mechan-
ics predicts effects that are in explicit tension with special relativity, namely
with the principle that distant objects cannot instantaneously influence each
other.
This debate raised the question of whether the description of a system
through a quantum wave function is complete or just emergent from a more
fundamental theory, maybe impossible to discover due to practical limita-
tions. In other words, although it was widely accepted that a quantum state
is the most fundamental description of the information that an external ob-
server can extract from a physical system, to many of the fathers of the
theory, including Einstein, Schrödinger and others [52, 146], it did not pro-
vide a satisfactory description of the actual, ontic state of the system. This
issue is still, after almost a century, very actively debated, although many
steps forward have been made.
This is the first topic treated in this thesis in Chapter 1, where we will
introduce the principles and the mathematical formalism of quantum me-
chanics and review briefly the discussion about its foundations.
A crucial result in this respect was due to Bell in the ’60s [14, 15], that
found a way to experimentally test the classical principle of local-realism that
is violated by quantum mechanics. This spooky possibility of influence at
a distance was termed entanglement by Schrödinger [146] and, after being
experimentally proven in some pioneering experiments in the ’80s [2, 3, 1],
is nowadays viewed as an important resource to be produced in experiments
for different reasons. First of all it is interesting for fundamental reasons
to increase the scale (in length, mass and so on) at which entanglement
is detected, so to have a closer look into the quantum/classical divide, i.e.,
the boundary between systems that must be described in a fully quantum
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mechanical formalism and systems that can be well approximated by classical
physics.
In fact, although classical principles such as local-realism have been dis-
proved in microscopic systems, it is still not clear how to resolve the ten-
sion between measured systems (that are correctly described by quantum
mechanics) and measurement apparatuses, that are ultimately described in
classical terms [105, 65]. In the formalism of quantum mechanics, in fact,
this lack of a unified description is postulated as a collapse of the wave func-
tion caused by the measurement apparatus, that is completely external to
the system and not described by the theory. This leaves an incompatibility
between measurements and free evolutions that is usually referred as the
measurement problem.
On the other hand, a different line of research started with Feynmann’s
idea [60] that the most fundamental model of computation should be based
on quantum mechanics. It turned out that algorithms allowing the pres-
ence of entangled states can be more efficient than “classical” counterparts
in solving several tasks, ranging very widely from metrology, communica-
tion and computation [19, 53, 149]. Thus, in a way it has been discovered
that entanglement helps to enhance the efficiency in acquiring and process-
ing information and is nowadays also a target resource to be produced for
technological purposes.
Among these target entangled states a leading role is played, especially
in the realm of systems composed by very many parties, by the so called
squeezed states [145, 71, 129] that have the advantage of being relatively easy
to produce and characterize. Thus, in atomic systems, spin squeezed states
[98, 183, 119] are often considered important targets and have been shown
to be useful for quantum information processing and quantum metrology.
These states represent also one of the main topics of investigation of this
thesis. In Chapter 2 we briefly review the fields of entanglement detection
and spin squeezing, motivating the investigation about these topics indepen-
dently from each other and also introducing their connections.
In Chapter 3 we study deeper the connections between spin squeezing and
entanglement and present our original contributions to the topic. We present
spin squeezing criteria for the detection of entanglement and its depth in sys-
tems composed of very many parties and we show that they outperform other
analogous criteria, especially in detecting unpolarized states. We mention as
a practical example an experiment in which an entanglement depth of 68 has
been detected in a Dicke state based on one of our criteria [116]. We also
introduce a new notion of spin squeezing parameter that generalizes past
approaches in several directions and provides a compact way to characterize
the entanglement of gaussian states of multi spin-j systems.
Thus, rephrasing in a resource-oriented way the discussion made above
we can say that parameters connected to detection of entanglement, such
as the spin squeezing parameters, represent figures of merit to certify the
quantumness of a state and in some sense also its potential usefulness for
quantum information processing.
Complementarily, another way of looking at the quantum/classical divide
with respect to producing and detecting macroscopically entangled states was
introduced by Leggett and Garg in 1985 [110], by adapting the approach of
Bell to the realm of macroscopic objects. They proposed a test of the princi-
ple of macro-realism based on time correlation measurements performed on
a single (possibly macroscopic) system. Here, the resource needed to violate
LG inequalities consists in strong correlations and incompatibility between
the measured observable and its time evolved. This proposal however, had
to face a fundamental problem that has been later termed clumsiness loop-
hole [182, 56] and consists in the possibility of interpreting the resulting
failure of the test as coming from imperfect (clumsy) measurements, rather
than from the violation of macroscopic realism per se. Thus, again from
a resource-oriented perspective, a conclusive violation of macrorealism re-
quires independently certified adroit quantum measurements and witnesses
their invasivity, instead of the quantumness of the input state.
Following this intuition, in Chapter ?? we present our proposal to de-
tect the violation of macrorealism that refines the original idea of Leggett
and Garg by exploiting some features of Quantum Non-Demolition measure-
ments. We propose a protocol that achieves this violation by performing
several QND measurements of the collective spin of an atomic ensemble that
independently evolves under the influence of an external magnetic field. Also,
after reviewing in some detail the clumsiness loophole present in the origi-
nal LG proposal and its experimental realizations made so far, we propose
a scheme based on auxiliary measurement sequences that allows to close
to some extent this loophole in QND measurement-based LG tests by suit-
ably quantifying the “clumsiness”, namely the classical noise present in the
measurements.
Finally, in Chapter 5 we conclude by presenting some preliminary results
on further extensions of the spin squeezing framework and suggesting future
directions in the study of spin squeezing inequalities and QND measurement-
based LG tests.
Chapter 1
Foundations of Quantum
Mechanics
For completeness and in order to present a self-contained work we start in this
chapter with an overview of quantum mechanics, from its basic principles and
focusing on finite dimensional systems that are the ones we will be mainly
interested in the next chapters. See for example [48, 175, 20, 133, 135, 8,
140, 186, 18] as some among the very many reference books on this topic.
The point of view taken in this overview, as well as in the rest of the thesis
is quantum information oriented: we will interpret quantum mechanics as
the most general set of rules that one has to take into account in order to
acquire knowledge about a physical system at hands. In this sense we refer to
quantum theory as the most general epistemic theory, or, in other words, as
the most general theory of information, the principles of which are confirmed
by experience.
To complete the introduction we will also discuss the problems arising
when trying to interpret quantum theory as ontic, i.e., as describing the
actual state of individual natural systems. There is an intense and still lively
debate (see e.g., [16, 133, 140, 175, 22, 85, 105, 148, 65]), that started with
the fathers of the theory, on whether quantum theory can or cannot describe
completely all the properties of a system, classically assumed to exist prior to
and independent of any measurement made on it. We will retrace the route
along which this debate developed, by looking at the constraints imposed by
various sets of classical principles and finding a fundamental incompatibility
between an ontic interpretation of QM and such classical principles. This
will serve us as a basis to the successive more profound discussion about
possible conclusive experimental tests of (some of) the principles of quantum
mechanics in macroscopic bodies.
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1.1 Principles of quantum mechanics
Quantum mechanics is a mathematical framework developed to describe the
observation of a physical system. Up to now quantum mechanics represents
actually the most fundamental set of rules that allows to acquire knowledge
and make predictions about a physical system. It might be seen as a gen-
eralization of classical mechanics in some respects: a system can be in a
state A, in a state B or in both states; the outcome of measurements are
random and do not correspond to “real” properties of the system; there are
observable properties that are incompatible, that means that they cannot be
jointly known on the same state; a measurement perturbs even “non-locally”
the state of the system; etc. Even more intriguingly, QM introduces a new
fundamental constant of nature ~ called the Planck constant1. In the fol-
lowing we will precisely state in some details the main principles from which
quantum theory follows2 and hopefully it will be clearer in which sense it
generalizes classical physics.
First: a system is described by a Hilbert space. When such a Hilbert
space is separable (every state can be expanded in terms of a basis, that is a
discrete set of independent states) the system is “quantized” because it can
be described by a discrete set of states.
1.1.1 To physical systems are associated Hilbert spaces
To every system there is a corresponding Hilbert space Hd. Its (finite) di-
mension d is given by the number of completely distinguishable states in
which the system can be. For example a particle that can be only in two
energy levels can be described by a 2-dimensional Hilbert space H2. This is
a simple mathematical way to formalize the following principle, that is one
of the axioms of the theory and is experimentally verified.
Principle 1. (Superporposition Principle). If a system can be in two
distinguishable states, then it can be also in every linear superposition of such
states.
Note that this contrasts with the “classical” principle that a system (e. g.
a particle) can be either in one state or in another. According to quantum
mechanics it can be also in both states. Historically, an empirical verification
of this principle has been the very famous double slit experiment : a particle
that interfere with itself when passes through a wall with two slits and that
does not when one of the slits is closed (Fig. 1.1).
1This, together with the velocity of light c and the gravitational constant G forms a
complete set, meaning that it is possible to express every physical quantity in units of
(combinations of) such constants.
2We are going to follow an approach close to the original axiomatic formulation pro-
posed by von Neumann [175].
Figure 1.1: Picture of a double-slit experiment: a particle travels through
a wall with two slits. An interference pattern is seen when both slits are
open, while no interference appears when one of the slits is closed. The same
behaviour is observed with incident photons, electrons or any other particle.
This shows that “particle” and “wave” are two different manifestations of a
single wave/particle entity.
Thus formally, if the completely distinguishable states |n〉 are a basis of
the Hilbert space of the system, then a general state is any of its vectors
|ψ〉 = ∑n an|n〉.
Afterwards, if one considers a system S as composed of multiple parties
P1, . . . ,Pn then one has to associate a Hilbert space to every party HPi and
the Hilbert space associated to the whole system will be the tensor product
HS =
⊗
iHPi of the parties’ spaces. This is a direct consequence of the
superposition principle: every party can be in every possible superposition of
all its possible states. We will do a more detailed discussion about composite
systems in a dedicated subsection.
Actually one can assume also situations in which the state of the system
is not known with certainty. In that case the state is a statistical mixture of
states {|ψk〉, pk}, i.e., the system is in a certain state |ψk〉 with probability pk.
Then the most general quantum state, including these statistical mixtures
is actually a bounded operator acting on the Hilbert space ρ ∈ B(H), more
specifically a so-called trace class operator.
Definition 1.1. (Density matrix). The most general quantum state is
called density matrix. It is defined as a bounded operator acting on the
Hilbert space ρ ∈ B(H) with the following properties
ρ = ρ† ,
ρ ≥ 0 ,
Tr(ρ) = 1 ,
(1.1)
and is also-called trace class operator. A pure state is such that ρ2 = ρ. It
is the projector ρ = |ψ〉〈ψ| onto the vector |ψ〉 associated to it.
A density matrix is a tool used to assign a probability distribution “in a
quantum way” to every possible outcome of all the measurements that can be
performed on the system. In particular ρ is needed to compute expectation
values of all possible observable properties of the system.
Gleason [72] in his famous Theorem 1.1.1 proved that ρ is actually the
most general way to do it, as we will see in the discussion of the following
principles.
The second principle generalizes classical physics to the non-ideal situ-
ation in which there exist observable properties of a system to which it is
fundamentally mutually exclusive to associate definite values independently
of measurements. This means that perfect knowledge of the value of one
of them must be associated with a large uncertainty about the value of the
others. These are called non-compatible observables and are described by
non-commuting operators acting on the systems’ Hilbert space.
Let us see the difference with respect to classical physics with an example.
Classically one can ideally measure the position x and the momentum p of
a particle and the couple (x, p) represents the state of the point particle.
According to the rules of quantum mechanics this is not anymore possible,
because the position and the momentum of a particle are two non-compatible
observable properties. In this case the state of a particle is given by either a
complex wave function φ(x) that provides the probability distribution |φ(x)|2
of the position or its fourier transform φˆ(p), from which the momentum
probability distribution |φˆ(p)|2 can be extracted. The actual values of x and p
can be known (by hypothesis) only with a precision such that (∆x)2(∆p)2 ≥
~
2 , where ~ is a new fundamental constant. This fact, that follows from
an operational impossibility (see the Heisenberg microscope, Fig. 1.2), have
several consequences that we are going to sketch briefly.
1.1.2 Observables are formalized as hermitean operators
An observable property o of a system is described with a hermitean operator
acting on the Hilbert space. Its eigenvalues λi are the possible outcomes of a
measurement of such property. It can be decomposed as a linear combination
of orthogonal projectors
o =
∑
i
λipii with piipij = δijpii , pi
†
i = pii ,
where pii projects on the subspace of states that have the value λi for the
observable o. The expectation value of o on the state ρ is given by
〈o〉 = Tr(oρ) , (1.2)
according to the general rule provided by Gleason’s theorem.
Theorem 1.1.1. (Gleason theorem). Consider a set of projectors {pii}
on Hilbert space of at least dimension 3 and a mapping to the real numbers
p(pii). Then with the following hypothesis
0 ≤ p(pii) ≤ 1 ∀pii : pi2i = 1 , pii = pi†i , (1.3a)
p(0) = 0 , p(1) = 1 , (1.3b)
piipij = 0 ⇒ p(pii + pij) = p(pii) + p(pij) , (1.3c)
the most general p(pii) can be always written as
p(pii) = Tr(piiρ) , (1.4)
where ρ is a trace-class operator.
In fact, another important consequence of Gleason’s theorem is exactly
the fact that, under the assumption of the so-called strong superposition
principle, Eq. (1.3c), the most general quantum state is a trace class operator.
This justifies the definition of the state as a density matrix.
A complete description of a state can be given in terms of a complete set
of commuting observables {ok}. In fact a basis of the Hilbert space is given
by a set of common eigenvectors of the {ok} and every density matrix can
be expanded in terms of the {ok}
ρ =
∑
k
ckok , (1.5)
where ck = Tr(okρ) holds whenever the observables form a orthonormal basis
Tr(okol) = δk,l. In particular in such cases we have
ρ =
∑
k
〈ok〉ok . (1.6)
This formalization agrees with the following principle.
Principle 2. (Heisenberg uncertainty principle). There exist observ-
able properties of a system that cannot be known together with certainty on
the same state. There is a fundamental lower bound on the joint uncertainty
of two incompatible observables that defines a fundamental constant ~.
ee xe
λ
∆x
λ(out)
(in)
θ
Figure 1.2: An electron is situated near the focus of a lens and hit by photons
with wavelength λ(in). Photons are scattered inside the microscope deviated
from the vertical by an angle less than θ2 . The momentum of the electron
is consequently perturbed by the kick of the photon. Classical optics shows
that the exact electron position can be resolved only up to an uncertainty
∆x that depends on θ and λ(in).
This assumption generalizes the classical principle that all properties of
a system are compatible with each other and can be jointly known with
certainty. In particular, the Heisenberg uncertainty principle holds in a two-
fold way:
1. it is in principle impossible to jointly measure the values of two in-
compatible observables a and b avoiding their mutual perturbation. A
relation like ∆a · ∆b ∼ ~ will always hold, where ∆a is the uncer-
tainty in the measurement of a and ∆b is an uncertainty induced by a
back-action on the value of the observable b.
2. then it follows as a theorem an uncertainty relation ∆a · ∆b ∼ ~ on
the preparation of a state with uncertain value of two incompatible
observables a and b. Here ∆a and ∆b are the uncertainties coming
from the statistics obtained in the preparation of many copies of the
state
This last theorem holds in many versions, the most famous of which is the
following.
Theorem 1.1.2. (Robertson-Schrödinger uncertainty relation). Given
two observables a, b on a state |ψ〉, their variances (∆x)2 ≡ 〈(x− 〈x〉)2〉 obey
the inequality:
(∆a)2(∆b)2 ≥
∣∣∣∣12〈{a, b}〉 − 〈a〉〈b〉
∣∣∣∣2 + ∣∣∣∣〈[a, b]〉2i
∣∣∣∣2 , (1.7)
where [·, ·] and {·, ·} are respectively the commutator and the anticommutator.
Then, another way to state principle 2 is that the commutator of two ob-
servables is proportional to a fundamental constant ~ called Planck constant
[a, b] ∝ ~ , (1.8)
saying also that classical physics can be recovered in the limit ~ → 0. In
classical physics all observable commute, because it is assumed that all prop-
erties of the system are compatible with each other.
As we said, Theorem 1.1.2 holds for every possible prepared state. This
is an uncertainty on the preparation itself. A system cannot be prepared in
a state in which the values of non-commuting observables are jointly known
with certainty. On the other hand, uncertainty relations similar to Eq. (1.7)
must hold for the measurements of two incompatible observables on an un-
known state3. In fact precise uncertainty relations that quantify the dis-
turbance effect of measurements have also been derived, see for example
[29, 30, 28].
Note, however, that the question of how to directly experimentally test
this principle arises. The uncertainty in preparations to be tested would
require to check all possible states and find a lower bound on the statistical
uncertainty of two incompatible observables, while the uncertainty in joint
measurements would require to span all possible measurement apparatuses.
On the other hand by performing experimental tests (as e.g., those discussed
in [28]) of the disturbance effects on a single state or of the statistical uncer-
tainty in several preparations of joint measurements of two non-compatible
observables (e.g., position and momentum) one can find upper bounds to the
fundamental constant ~. Thus, ideally, if the value ~ = 0 is found in some
tests then one can conclude that the two observables were instead compati-
ble. This is a reasoning similar to the initial trials of Einstein in disproving
with ideal thought-experiments the uncertainty principle in his debate with
Bohr (see Fig. 1.5).
Apart from preparations and measurements of observables, the aim of any
physical theory is to be able to predict the evolution of a physical system.
In classical mechanics this is a task that is in principle possible and can be
done with perfect certainty for every system during all the evolution, once a
function S called action4 is known. In other words the evolution of a system
is classically completely deterministic. This is because in classical mechanics
every system that is isolated, i.e., does not interact with anything else, can
be thought as closed. Therefore the information contained in the initial state
3See e.g., [23] for a detailed discussion on this point and also [28] for a review article
about the Heisenberg principle.
4Here we refer to the Hamilton-Jacobi formulation of the equations of motion. Of
course other formulations are equivalent but for brevity we will not mention all of them.
is not lost during the evolution and can be completely recovered in the final
state: the evolution is a reversible transformation of the state.
In quantum mechanics there is also a similar principle that governs the
free evolution of a closed system. It is completely deterministic as well. All
the information contained in the initial state can be recovered in the final
state after the evolution. It is a reversible transformation of the state as
well. A difference with respect to classical mechanics is that we have to take
into account the superposition principle and this leads to the evolution to
be linear in the state.
1.1.3 Free evolution is a linear operation
A quantum state ρ of a closed system evolves through a unitary transforma-
tion
ρ→ ρτ = U(τ)ρU(τ)† . (1.9)
The parameter τ is the time and the unitary operator can be expressed as
an exponential of an (anti-)hermitean operator
U(τ) = exp(iS(τ)) , (1.10)
where S(τ) is a function called action and is proportional to the fundamental
constant 1~
S(τ) =
S′(τ)
~
, (1.11)
where S′(τ) is an adimensional operator. This might be seen as the quantum
analogue of the classical principle of least action [59]. In this case, however,
the state does not follow the path from ρ to ρτ that minimizes the action.
The evolution takes into account all possible paths connecting the initial
and final state ρ and ρτ weighted with a phase proportional to the action
of the path5. However, the phases (i.e., actions) far away from its extremal
points tend to cancel out, leading the extremal values to give the major
contribution to the total integral over paths (see Fig. 1.3 for an illustration).
Eq. (1.9) follows from the fact that in a closed system there is no loss of
information.
Principle 3. (Conservation of information). The information contained
in a physical state of a closed system must be conserved during the evolution.
This principle immediately implies that the evolution must be reversible.
This fact, together with linearity and the requirement that the final state
of the evolution has to be a physical state (i.e., a density matrix) leads
to Eq. (1.9), namely that the evolution must be described by a unitary
transformation.
5This is the point of view of the path integral formulation of quantum mechanics
done by Feynman in his Ph.D. thesis [59].
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ρ(x1,p1, t1)
ρ(x2,p2, t2)
Sa(x1
,p1,x
2,p2
, t1, t2
)
Sd(x1,p1,x2,p2, t1, t2)
Figure 1.3: Path integral formulation of the quantum evolution: a particle
in an initial state ρ(x1, p1, t1) evolves to a final state ρ(x2, p2, t2) taking into
account of all possible paths connecting the starting and end points. Every
path n is taken into account with equal probability, but multiplied with a
phase proportional to the action Sn(x1, p1, t1, x2, p2, t2) associated to it.
As we said this principle is valid for closed systems. However in general
a physical system interacts with some environment that is not accessible to
measurements. In this case the system is open and some information is in
fact lost in the environment: the evolution is irreversible. Therefore in the
most general case of an open system the only requirement that we put to
formalize the evolution is that the transformation must be linear and that the
final state must be a density matrix. More formally we define the evolution
as a mapping E : B(H)→ B(H) that satisfies the following requirements
1. Linearity : E(∑k ckρk) = ∑k ckE(ρk) for all ρk ∈ B(H) and ck ∈ C.
2. Preservation of the trace: Tr(E(ρ)) = Tr(ρ) for all ρ ∈ B(H).
3. Complete positivity : E ⊗ 1d ≥ 0 for all d ∈ N.
The requirements 2 and 3 are needed for the final state to be a density
matrix. In particular complete positivity means that the final state will be
positive even if the initial state is a reduced state of a larger system for any
possible size of the total system.
We can thus formalize general quantum operations, also exploiting the
following result.
Theorem 1.1.3. (Kraus theorem). Every linear map E : B(Cn) →
B(Cm) is completely positive if and only if it admits a representation of the
form
E(ρ) =
r∑
k=1
EkρE
†
k , (1.12)
where the operators {Ek}rk=1 are called Kraus operators. The mapping E is
also trace preserving if and only if
∑r
k=1E
†
kEk = 1.
Thus we can identify a quantum operation with a set of Kraus operators
{Ek}rk=1. Note that a unitary evolution is included in this framework as a
trace preserving quantum operation {Uk}rk=1 consisting of a single element,
i.e., r = 1. Actually a general trace preserving quantum operation can even
be viewed as a unitary evolution of a larger system, part of which is not
accessible. This is proved in the following theorem.
Theorem 1.1.4. ((simplified) Stinespring theorem). Let E : B(Cn)→
B(Cm) be a trace preserving completely positive linear map. Then there exist
a unitary U ∈ Cn ⊗ Cm ⊗ Cm and a vector |φ〉 ∈ Cm ⊗ Cm such that
E(ρ) = TrE
(
Uρ⊗ |φ〉〈φ|U †
)
, (1.13)
where ρ ∈ B(Cn) and the partial trace TrE(·) acts on the space of the first
two tensor factors of Cn ⊗ Cm ⊗ Cm.
In particular, this last representation supports the intuition that a gen-
eral quantum operation formalizes the evolution of an open system. The
subsystem E can be then viewed as an environment that is not accessible.
Eq. (1.13) is in fact also-called environmental representation of a quantum
operation.
In quantum mechanics there is another crucial difference with respect to
classical mechanics: that there is also another kind of evolution that is not
deterministic, but probabilistic. The concept of measurement is introduced,
representing the only way one can acquire (some of) the information con-
tained in a state. After a measurement the state evolves in a probabilistic
way and some information is lost. In this sense every system, whenever a
measurement is performed, must be considered open.
Thus the formalization of a measurement is by itself a novelty introduced
in quantum mechanics and is given as a fourth principle. This actually forces
us to include open systems in the theory, because the measurement is thought
to be performed by an observer that is completely external to the system.
We will give directly the most general definition, that is a generalization of
the ideal measurement modelled by von Neumann in his axioms of quantum
mechanics. Contrarily to what is classically (implicitly) assumed, the results
of a measurement are fundamentally random and cannot be always predicted
with certainty. They don’t correspond to properties that are preexistent in
the system independently of the measurement process. Moreover the effect of
a measurement is to perturb, even strongly, the state of the system, according
to the Heisenberg uncertainty principle.
1.1.4 Outcomes of measurements are random
A measurement is described by a set of operators {M2k}rk=1, each correspond-
ing to one of the possible outcomes k ∈ {1, . . . , r}. These operators have the
properties that M2k = M
†
kMk > 0 (they are positive) and
∑
kM
†
kMk = 1
(they are a resolution of the identity). They might be also non orthogonal
Tr(M2kM
2
l ) 6= δk,l and might form an overcomplete basis of the space of op-
erators. In particular r is usually larger than the dimension d of the Hilbert
space of the system. The set {M2k} is called Positive Operators Valued Mea-
sure. The outcomes of the measurement λk are random and to each of them
is associated a probability pk, that is the probability for that outcome to
occur. It is given by the same formula that follows from Gleason’s theorem
pk = Tr(M
2
kρ) . (1.14)
In particular the following principle holds.
Principle 4. (Collapse of the wave function). The outcomes of a mea-
surement are fundamentally random. The state after a completely repeatable
measurement collapses to the eigenstate corresponding to the measured out-
come.
A particular case of a POVM is a projective measurement, that is the
ideal definition given by von Neumann and to which the principle refers.
A projective measurement is a POVM such that its elements are projectors
pairwise orthogonal to each otherMkMl = δk,lMk. In particular the elements
of a projective measurement are exactly as many as the dimension of the
Hilbert space NM = d. There is also a mathematical theorem that allows to
write a general POVM as a projective measurement on a space of a certain
dimension bigger than d.
Theorem 1.1.5. (Neumark dilation theorem). Every POVM {M2k}
acting on a Hilbert space of dimension d can be mapped into a projective
measurement {E2k}, with EkEl = δk,lE2k that acts on a Hilbert space of di-
mension n > d. In other words it always exists a dimension n > d such that
a set {E2k} can be found.
The state after the measurement is changed. It is mapped to ρ → ρk
where
ρk =
MkρM
†
k
Tr(MkρM
†
k)
, (1.15)
Figure 1.4: Schrödinger’s cat thought experiment: a box contains a macro-
scopic object (a cat) in an entangled state with a microscopic atom. The
atom might decay with a certain probability and release a photon that can
escape the box and be detected by an external measurement apparatus. Cor-
respondingly the cat would die due to a process directly connected to the
detection of the photon. Before the measurement the cat+atom state must
be considered 1√
2
(|dead, detection〉+ |alive,no detection〉) until the measure-
ment is performed. Afterwards, the measurement of the photon causes a
collapse of the whole cat+atom wave function and the state becomes either
|dead,detection〉 or |alive, no detection〉 with equal probability.
with probability pk = Tr(M2kρ). Basically the state is transformed with the
operator Mk and then renormalized to have a unit trace.
Remark. Note that we can always express the operators Mk in the polar de-
composition as Mk = Uk
√
M2k , where Uk is a unitary ( the phase) and
√
M2k
is a positive operator ( the modulus). However the elements of the POVM
are defined from just their modulus
√
M2k . There remains the ambiguity of
the phase Uk. This ambiguity however does not affect the transformation of
the state, where the operator Mk itself appears. Thus, in order to describe
correctly the effect of an actual measurement, one has to provide both its
modulus and phase.
The transformation of a state due to a POVM can be included in the
framework of quantum operations. However we have to generalize it to
include probabilistic operations as well. Thus we define a general probabilistic
quantum operation as a linear completely positive and trace non-increasing
map M : B(H) → B(H). Trace non-increasing means that Tr(M(ρ)) ≤
Tr(ρ) for all ρ ∈ B(H). As we said this is a probabilistic operation, that has
a success probability given by
p = Tr(M(ρ)) . (1.16)
The state after the operation has to be then normalized to unit trace, namely
M(ρ)→ ρ′ = M(ρ)
Tr(M(ρ)) , (1.17)
that is an operation that is nonlinear. Exploiting the Kraus theorem 1.1.3
we can express this operation as
M(ρ)
Tr(M(ρ)) =
∑r
k=1EkρE
†
k
Tr(
∑r
k=1EkρE
†
k)
, (1.18)
where the {Ek} are Kraus operators that are also trace non-increasing, i.e.,∑r
k=1E
†
kEk ≤ 1. We can also express a general probabilistic quantum oper-
ation in the representation provided by the Stinespring theorem 1.1.4
This last principle is the most debated and the source of a fundamental
philosophical controversy of the theory that has been termed measurement
problem [105, 65]. The question arises: do the collapse of the wave function
actually happen as a physical process or is rather just an update of the infor-
mation of the observer? And eventually, being this a non-linear process, how
this reconciles with the linear deterministic evolution? Is the observer such
an important actor in the physical processes happening in nature? These
are just few of the questions raised by the theory in its modern axiomatic
formulation.
In fact, quantum mechanics has been since its birth a very controver-
sial theory [22] because of the so radical and fundamental differences with
classical mechanics. In particular many of the fathers of the theory them-
selves interpreted quantum mechanics as merely a set of rules that allows
to predict to the maximal possible extent the results of experiments, still
believing that there must be an underlying more fundamental theory with
classical principles, maybe impossible to be discovered because of practical
limitations.
Taking this last point of view, the idea was that the quantum mechanical
wave function was just a convenient epistemic6 probabilistic description of
6This word means that the wave function was just interpreted as an object useful to
acquire knowledge about a physical system, but not as a real entity.
Figure 1.5: Einstein’s thought experiment of 1930 as designed by Bohr [22].
Einstein’s box was supposed to prove the violation of the indeterminacy re-
lation between position and momentum (left) and time and energy (right).
(left) An additional single-slit wall is placed on the trajectory of a particle hit-
ting a double-slit wall in order to measure its velocity. Bohr argued that every
such device is still constrained to obey a fundamental position/momentum
uncertainty relation. (right) A device that was supposed to weight the mass
subtracted by a photon escaping from the box during a time interval ∆t
controlled by a clock. Bohr’s response is that such a measurement must be
made as a position measurement of the box and must have a fluctuating out-
come; also, the clock position itself, being uncertain, induces a fundamental
uncertainty in the time interval, due to the equivalence principle. In this
way, a fundamental uncertainty relation ∆E∆t is restored.
nature. Rather, the real value of an observable o would have depended on
some hidden variable λ, distributed with a certain probability function Pr(λ).
Then, the quantum mechanical randomness of the outcome was just due to
the fundamental ignorance of the actual value of λ and the average 〈o〉 had
to be thought as coming from an ensemble average
〈o〉 =
∫
o(λ) Pr(λ)dλ , (1.19)
analogously as in statistical mechanics.
On the other hand, if quantum mechanics is a complete theory, then there
are properties of natural systems to which it is not possible to associate
univocally a value. The outcome of an experiment trying to look at such
values cannot be predicted. Thus the question arises: do such properties
have univocally a certain value or not? In other words: do the ontic state
of the system have a definite value for such properties or not?
Einstein and others were thinking that even if not predictable, to every
properties of a physical system must be in principle possible to associate
univocally a value that is independent of any measurement. In fact, in the
beginning the Einstein-Bohr debate was about the Heisenberg uncertainty
principle: Einstein was trying to provide gedankenexperiments (thought ex-
periments) that could disprove it (see Fig. 1.5), while Bohr was arguing
about the fundamental impossibility of making such a test. Einstein failed
with this attempt, but still thought that it was just for practical limitations
that the uncertainty principle could not be experimentally disproved.
Nowadays, after the debate kept evolving, it is clear that the Heisen-
berg principle alone, or more specifically the possibility of assigning values
to all observables independently on measurements, is something that cannot
be tested experimentally on its own. Some other physical principle has to
be tested jointly with it. Nevertheless, tests of classical principles can be
actually made independently on a specific theory, but have to be done by
considering correlation measurements. The most striking of such tests, the
one that troubles more Einstein’s viewpoint, involves correlation measure-
ments between space-like distant particles in a composite system.
In order to explain this let us first introduce some useful tools for the
analysis of composite systems in quantum mechanics.
1.1.5 Operations on composite systems
Here let us focus on systems S composed of n parties P1, . . .Pn7. As we said
before, due to the superposition principle the Hilbert space of the system is
the tensor product of the parties’ Hilbert spaces, i.e.,
HS =
n⊗
i=1
HPi . (1.20)
Then, to emphasize the composite structure of the system, we distinguish
states and observables that act on a single party rather than on the whole
system and we call them local operators.
Definition 1.2. (Local operators). An operator Oloc acting on the Hilbert
space HS is called local if it acts nontrivially only on a component HPi . In
particular it can be written as
Oloc = 1⊗ · · · ⊗ o(i) ⊗ · · · ⊗ 1 , (1.21)
7Here this is a purely formal subdivision, but note that in practice the subdivision of a
“system” into “parts” might have different levels of arbitrariness, depending on the system
itself.
for some superscript (i) and some operator o(i) acting on HPi .
Thus states and observables are called local when they are relative to
a single part Pi. Note that this has nothing to do with locality in space;
a system can be localized in space but still divided into parts, all of which
share the same spatial location.
Afterwards we make another distinction within the set of operators on
multipartite systems. We define the so-called separable operators as follows.
Definition 1.3. (Separable operators). An operator Osep acting on the
Hilbert space HS is called separable if it can be written as a convex mixture
of product operators
Osep =
∑
k
pkOk , pk ≥ 0 ,
∑
k
pk = 1 , (1.22)
where {pk} is a probability distribution and {Ok} is a certain set of product
operators
Ok = o
(1)
k ⊗ · · · ⊗ o(n)k , (1.23)
here again the superscript (i) refers to the party Pi.
Thus an operator Osep (a state or an observable) is called separable if
there exists at least one set of product operators {Ok} such that Eq. (1.22)
holds. The reasons why we are defining this special class of operators will be
clearer later, but applied to density matrices this is basically the definition
of a non-entangled state.
Given a state of a composite system ρ ∈ B(HS) one also wants to have
access to the information available locally, i.e., on a single party Pi. The
way to do this is to define a quantum state for a single party ρPi ∈ B(HPi),
because as we said in the discussion of the principles this is the most general
way to encode the available information of a system. The natural way to
define a state of a single party ρPi starting from the global state ρ is to trace
out all the information relative to the rest of the system. This is formally
done with an operation called partial trace, that we have already seen before.
The result of this operation is what we call reduced density matrix.
Definition 1.4. (Reduced density matrix). Given a state of a composite
system ρ ∈ B(HS) we define the reduced density matrix ρP ∈ B(HP) relative
to a subsystem P as the state obtained through the partial trace of ρ over the
rest of the system S/P
ρP = TrS/Pρ , (1.24)
where {S/P} is the set of all parties not contained in P. The reduced den-
sity matrix contains all the information of the state ρ available with local
measurements on P.
To conclude this section we define what the operations are that can be
made locally on a subsystem and then what the operations are that preserve
the separability of a quantum state.
Definition 1.5. (Local operations). A local operation is in general a
probabilistic quantum operation Mloc(ρ) that can be decomposed as in the
following Kraus representation
ρ 7→ ρ′ = Mloc(ρ)
Tr(Mloc(ρ)) =
∑r
k=1EkρE
†
k
Tr(
∑r
k=1EkρE
†
k)
, (1.25)
with the set {Ek} formed by local operators
Ek = 1
(1) ⊗ · · · ⊗ (Ek)(i) ⊗ · · · ⊗ 1(n) . (1.26)
Note that almost all the possible evolutions map a separable state in
general into a non-separable state. The ones that cannot do this are called
separable operations.
Definition 1.6. (Separable operations). A separable operation is in
general a probabilistic quantum operationMsep(ρ) that can be decomposed in
as in the Kraus representation
ρ 7→ ρ′ = Msep(ρ)
Tr(Msep(ρ)) =
∑r
k=1EkρE
†
k
Tr(
∑r
k=1EkρE
†
k)
, (1.27)
with the set {Ek} formed by separable operators
Ek =
∑
l
pl(Ek)
(1)
l ⊗ · · · ⊗ (Ek)(n)l pl ≥ 0 ,
∑
l
pl = 1 . (1.28)
To finish this section note that a local operation acts on the whole state
ρ (and not just on ρP) and modifies it probabilistically, even if it is per-
formed locally. This is just one of the features that is so counterintuitive
that raised a very wide debate between the major authorities in the founda-
tions of quantum mechanics since its birth until nowadays. This debate led
until very recently to astonishing discoveries about the general assumptions
that can be made on a theory that would try to compete with quantum
mechanics in explaining natural phenomena. These results are what we are
going to discuss in the next section.
1.2 Tests of principles from correlations
In 1935, the debate about an ontic interpretation of quantum mechanics was
raised again by the famous paper of Einsein, Podolsky and Rosen (EPR) [52].
This time EPR were trying to avoid the practical limitations encountered
in trying to disprove the uncertainty principle by looking at multipartite
systems. They noted that in quantum mechanics, to quote Schrödinger,
“spooky” phenomena appear when considering correlations between out-
comes of some incompatible observables; phenomena that cannot have an
explanation in terms of classical theories, not even with some fundamentally
hidden variables. The EPR reasoning led to the theorem that either:
• Quantum mechanics is not a complete theory, in the sense that there
must be a more fundamental theory.
• Keeping the local-causality principle of relativity and a strict free will
assumption, then some properties of a system do not exist until they
are measured.
Note that this theorem meant a deeper and more profound difference between
classical and quantum mechanics. The difference is not anymore shaded
by practical limitations: if quantum mechanics is complete, then it means
that the answer to the question raised before is definitely not, there are
properties of natural systems to which it is not possible to associate any
value independently of a measurement. At least this is the answer if, as
Einstein did, one wants to keep the local-causality principle of relativity and
a strict free will assumption.
The answer is so definite just because, and this is the most remarkable
fact, the EPR theorem can be experimentally tested, even if not in its original
form. And the response of experiments up to know keep being in favour of
the unrealism of quantum mechanics. This we will see later. First let us look
at the original EPR argument.
The EPR argument Suppose that a system of two identical particles is
prepared in a state such that their relative distance is large and constant
|~r1 − ~r2| = L (they are space-like separated) and the total momentum is
zero ~p1 + ~p2 = 0 (see Fig. 1.6). This preparation is in principle possible
because the two observables say x1 − x2 and px,1 + ~px,2 are compatible,
i.e., both of them can be set to certain values with certainty on the same
state. Correspondingly according to quantum mechanics they are in fact
represented by commuting operators.
Then one can measure the value of either of the two incompatible single
particle observables, say x1 or px,1 and correspondingly deduce the value
of either x2 = L − x1 or px,2 = −px,1 without interacting with particle 2.
Because of this they correspond, according to the EPR argument, to elements
of reality of the state of particle 2 that are independent of measurements and
should be predictable by the theory. On the other hand quantum mechanics
cannot predict the value of both x2 and px,2 on the same state, because they
are incompatible observables and this would be in contrast to Principle 2.
Thus, conclude EPR, there are elements of reality of a state that cannot be
predicted by the theory and therefore the theory is incomplete.
L
1 2
p1
x1
p1 +p2 = 0
Figure 1.6: Schematic representation of EPR thought experiment.
However, what EPR actually proved is that in principle the values of
each of the two incompatible observables x2 and p2 can be deduced with
certainty on the same system (i.e., particle 2) without interacting with it.
Then they implicitly did the so-called realism assumption, that is as we
explained previously that the values associated to every property of a system
are independent of measurements. Thus the possibility of knowing each of
the two incompatible observables separately was sufficient to prove that both
of them should be in principle possible to know on the same state. This kind
of counterfactual reasoning is no longer permitted in quantum theory and
in particular even the assumption that local measurements can be made in
a way that they do not disturb the global system does not hold, being in
contrast to Principle 4. To summarize, the EPR argument was based on the
assumptions of
. (Locality or Local-Causality) There is no exchange of information be-
tween two systems that cannot interact. Moreover two systems can only
interact locally.
. (Realism) Results of measurements are determined by properties that the
system carry on prior to and independent of the measurements themselves.
. (Free-Will)8 The choice of a measurement setting do not influence and is
not influenced by the outcome of other measurements.
8We made explicit also this assumption because actually in an extreme deterministic
Thus the realism assumption implies that the measurement is a non-
invasive action on the system, and then due to locality the results of a
measurement on a system are independent of any event that is space-like
separated from it, including measurements. This statement is false within
quantum theory, because a measurement made on a system composed of
parts causes a change of the whole system’s state, even if the parts are
space-like separated (there is a “spooky action at a distance”). This can be
formally understood with a simple example, that is a modern reformulation
due to Bohm [20] of the argument of EPR itself.
Example 1.1. (Maximally entangled state or EPR pair) Consider a system
composed of two parties A and B, space-like separated and in a global state
ρ =
1
4
− 1
4
∑
k=x,y,z
σAk ⊗ σBk , (1.29)
where {σx, σy, σz} is a basis of the su(2) algebra. This is a valid quantum
state and is usually called, among other names, EPR pair, the superscript
referring to the subsystem’s Hilbert space.
Now suppose that party A performs a projective measurement of the ob-
servable say σAx . It is a perfectly allowed measurement performed locally and
with two possible outcomes (λAx,+ = 1, λAx,− = −1) (the eigenvalues of σAx ).
Thus, according to the classical principle of local-realism the measurement
does not disturb party B. However, assuming that the outcome is say λAx,+,
then after the measurement the state is updated as
ρ 7→ Mx,+(ρ) =
ΠAx,+ ⊗ 1BρΠAx,+ ⊗ 1B
Tr(ΠAx,+ ⊗ 1BρΠAx,+ ⊗ 1B)
= ΠAx,+ ⊗ΠBx,− , (1.30)
where we performed the local operationMx,+(ρ) as in Eq. (1.25) with a single
E = ΠAx,+ ⊗ 1B and Πx,± = |λx,±〉〈λx,±| = 12 (1± σx) are the projectors on
the eigenstate of σx with eigenvalues λx,±.
Now, note that the state ρBx,+ := TrA (Mx,+(ρ)) in Eq. (1.30) is the pro-
jector onto the eigenstate of σBx with eigenvalue λBx,+. Thus a measurement
of σBx on party B would give the result λBx,− = −1 with certainty.
The same reasoning as before applies when measuring say σAy on party
A. Given an outcome, say λAy,+ = 1, we have ρ 7→ My,+(ρ) = ΠAy,+ ⊗ ΠBy,−
and the outcome of σBy on party B can be predicted with certainty to be
λBy,− = −1.
Note, finally, that the observables σBx and σBy do not commute, and there-
fore their outcomes could not be both predicted with certainty on the same
state. This would be a contradiction within quantum theory that means that
the theory is incomplete, according to the EPR argument.
theory it can be relaxed as well. See e.g., [155].
However this is the counterfactual reasoning that cannot be done in quan-
tum theory. In fact the reduced initial state of party B is
ρB := TrA(ρ) =
1
2
, (1.31)
i.e., the completely mixed state. This means that a priori the outcome of
every observable on party B is completely random and cannot be predicted
at all. After a measurement, even if performed only locally on party A,
the whole state ρ changes and the reduced state of party B also changes
accordingly.
Thus at the end EPR gave an argument in contrast to quantum theory,
but in agreement with everyday intuition based on macroscopic systems,
to argue that it is an incomplete theory and this raised a debate [146, 52,
21], mainly still between Einstein’s and Bohr’s viewpoints, on the range of
validity of quantum theory (i.e., microscopic vs macroscopic systems) and
its interpretation.
Remark. At this point note also that, even within the realm of microscopic
systems, a measurement of a composite system in an EPR pair, as in the
example 1.1, raises an even bigger issue related to the measurement problem,
i.e., to the problem with interpreting the collapse of the wave function as a
change of the ontic state of the system. We have seen that a measurement
performed on particle A causes instantaneously a collapse of the state of par-
ticle B. The same would be true with the parties exchanged, i.e., measuring
on B would cause an immediate collapse of the state of A. Now imagine that
A and B perform simultaneous measurements of two incompatible observ-
ables on their respective state: what will the output state be? According to
quantum mechanics the answer would depend on the observer that is chosen
as reference, but this doesn’t solve completely the problem, especially if one
wants to keep the principle that space-like distant observer cannot influence
each other (see [65]).
Within the same line of thoughts and to explain better the contradiction
with classical principles, Schrödinger painted an extremal situation in which
a microscopic state is “entangled”9 with a macroscopic one (see Fig. 1.4 for a
schematic illustration), such that apparently this last also results in a state
similar to the EPR pair but with one of the parties that is a macroscopic ob-
ject (the famous Schrödinger cat being in an undefined status of alive/dead).
Remark. Note that even if such a state would be an entangled state between
a microscopic and a macroscopic system, the reduced states of the parties
are not superpositions: each of the reduced density matrices is the completely
9This term is meant with its linguistic meaning, and is only “accidentally” referring
also to the quantum phenomenon of entanglement.
mixed state (1.31) (i.e., the cat would be in a classical mixture of being dead
and alive).
Soon after the EPR paper, another authority as von Neumann [175]
(see also [63, 16]) gave an argument that claimed to prove that there could
not be any classical theory behind quantum mechanics. His totally general
assumption was that any reasonable classical theory designed to reproduce
quantum predictions should have been written in terms of quantities v(·),
i.e., values of observables, that are linearly related with each other
v(A) + v(B) = v(C) , (1.32)
whenever the observables themselves are linearly related with each other,
i.e., A+B = C.
In quantum mechanics again, one cannot assign a definite value to a
couple of non-commuting observables, and this leads to a contradiction with
the initial assumption. In fact consider as observables A = σx and B = σy
for a single spin-1/2 particle. They are dichotomic, i.e., their values can only
be ±1 and thus the sum v(σx) + v(σy) can only be −2, 0, 2. On the other
hand, the observable given by C = σx + σy can just have outcomes ±
√
2
leading to a contradiction with Eq. (1.32). The problem with such a proof
lies in the fact that is now widely accepted that the hypothesis (1.32) is too
restrictive[63, 16]. The assumption of von Neumann was later relaxed by
Kochen-Specker [101], that restricted Eq. (1.32) to be valid only for sets of
commuting observables and derived the so-called Kochen-Specker theorem
that we will discuss later on.
Historically instead, the first paper that succeeded in giving a quantita-
tive way to test the validity of the EPR argument against experiments was
written by J. S. Bell [14, 15, 16]. His belief was, similarly as Einstein him-
self, that quantum mechanics was just a statistical version of a more general
theory. Thus he looked for a way to test any statistical theory that respected
the principles of local-causality and realism. The idea was to write inequal-
ities that must be satisfied by every possible local-realistic theory, based on
correlations between measurements made on two parties, possibly space-like
separated between each other. This in a way resembles the original EPR ar-
gument, but with the remarkable difference of being testable experimentally.
1.2.1 Bell inequalities
As we said Bell considered in total generality any theory based on classical
principles that might attempt to explain and predict the probabilities as-
sociated with outcomes of experiments. Such general theories might even
contain parameters that are hidden, in the sense that they are not accessible
to measurements, but still their values are independent of the measurements
themselves.
More specifically in this case the realism assumption means that two par-
ties can get correlated only prior to any measurement. Thus one assumes
that in a realistic theory that respects also the principe of local-causality the
outcomes of measurements made by distant parties might be correlated just
through some variables λ that transmits information between the parties
prior to any measurement. Again, even if λ is hidden, i.e., not accessible to
measurements, it corresponds to properties of the system that are indepen-
dent of measurements.
This reasoning leads to the definition of a local hidden variable theory
(LHV) [14, 15, 16] (see also [25] for a review of hidden variable theories) as
the most general local-realistic model that tries to interpret some statistical
data. A simple way to define a LHV model is to consider two parties A and
B and some associated measurement settings {a1, . . . , an} and {b1, . . . , bn}.
Then the outcomes (xi, yj) of measurements (ai, bj) made by the two parties
can be correlated just through some hidden variable λ.10 such that
Pr(xi, yj)ai,bj =
∫
Pr(λ) Pr(xi|λ)ai Pr(yj |λ)bjdλ , (1.33)
where we called Pr(xi, yj)ai,bj the probability that outcomes (xi, yj) oc-
cur for the measurements (ai, bj) made by the parties, and analogously
Pr(xi|λ)ai ,Pr(yj |λ)bj , that are also conditioned on the value of λ. More
generally a local hidden variables theory might be defined as follows.
Definition 1.7. (Local Hidden Variables theory). Consider a system
composed of n parties S = P1 + · · · + Pn such that they cannot interact be-
tween each other. Then, a Local Hidden Variables (LHV) theory is a model
that associates to every possible set of outcomes (xP1 , . . . , xPn) a probabil-
ity distributions Pr(xP1 , . . . , xPn)aP1 ,...,aPn conditioned on the choice of the
measurement settings (aP1 , . . . , aPn) in a way such that
Pr(xP1 , . . . , xPn)aP1 ,...,aPn =
∫
Pr(λ) Pr(xP1 |λ)aP1 · · ·Pr(xPn |λ)aPndλ ,
(1.34)
for some hidden variable λ that interacts locally with each party and is not
accessible to measurements.
The idea is then to look at correlations between outcomes of different
parties, as for example
〈a1b1〉 =
∫
x1y1 Pr(x1, y1)a1,b1dx1dy1 , (1.35)
and exploit the condition Eq. (1.33) that comes from assuming that the
outcomes corresponds to pre-existing values of a1 and b1.
10Note that it is sufficient to consider a single variable λ that contains all the information
not accessible to measurements.
In this way Bell showed that it is possible to derive bounds on linear
combinations of correlations that must hold whenever the experimental data
can be explained with a LHV model. Nowadays any inequality based on
statistical data that must be satisfied by every LHV model is called Bell
inequality. They are usually written for simplicity in terms of dichotomic
observables, i.e., observables that can take only x = ±1 as outcomes11.
Although the original proposal of Bell was not experimentally realizable,
many other Bell inequalities have been later derived. In particular the most
famous and the easiest to test experimentally was due to Clauser-Horne-
Shimony-Holt (CHSH) [40].
Theorem 1.2.1. (CHSH inequality). Consider a bipartite system S = A+B
and a couple of dichotomic observables a1, a2 for party A and b1, b2 for party
B. Then the following bound
OCHSH = 〈a1b1〉+ 〈a1b2〉+ 〈a2b1〉 − 〈a2b2〉 ≤ 2 , (1.36)
holds for every possible local hidden variables theory, where
〈aibj〉 =
∫
xiyj Pr(xi, yj)ai,bjdxidyj , (1.37)
are the bipartite correlations between the outcomes of (ai, bj).
Proof. Let us compute the expression OCHSH. Defining fai(λ) = Pr(1|λ)ai−
Pr(−1|λ)ai we have
OCHSH =
∫
Pr(λ) [fa1(λ)fb1(λ) + fa1(λ)fb2(λ) + fa2(λ)fb1(λ)− fa2(λ)fb2(λ)] dλ ,
and thus we can bound it as
OCHSH ≤
∫
Pr(λ) max
λ
FCHSH(λ)dλ = 2
∫
Pr(λ)dλ = 2 , (1.38)
where we called FCHSH(λ) := fa1(λ)fb1(λ) + fa1(λ)fb2(λ) + fa2(λ)fb1(λ) −
fa2(λ)fb2(λ).
Thus we have proven an inequality that must be satisfied by all LHV
models. Then the statement of Bell’s theorem is that there are quantum
states from which one can produce data that violate Eq. (1.36) and thus
cannot be explained with a LHV model. One of such quantum states is pre-
cisely the EPR pair of the previous example. Then considering observables
at each party that are non-compatible between each other (like x and p in
the EPR argument) one can in principle observe a violation of Eq. (1.36).
11Note that this is not a restriction, since given any observable one can coarse-grain the
outcomes such to relabel them as ±1.
This means that there is no LHV model that can reproduce the same predic-
tions of quantum mechanics and thus definitely either quantum mechanics
is incomplete or one of the assumptions of local-causality and realism does
not hold.
In the following we enunciate the Bell theorem and prove it using CHSH
inequality. This is not exactly the original proof made by Bell himself, that
derived a slightly different inequality. The formulation that we present is
however closer to what has been experimentally employed afterwards.
Theorem 1.2.2. (Bell theorem). No Local Hidden Variables theory can
reproduce all the predictions of quantum mechanics.
Proof. Let us consider a bipartite system S = A + B. Then let us consider
the EPR pair ρepr of Eq. (1.29) and the two couples of observables (a1, a2) =
(σAz , σAx ) and (b1, b2) =
(
σBz +σBx√
2
, σ
B
z −σBx√
2
)
. Then we have
OCHSH = Tr(ρeproCHSH) = 2
√
2 > 2 , (1.39)
where we defined the operator oCHSH = a1⊗ b1 + a1⊗ b2 + a2⊗ b1− a2⊗ b2.
Thus there exists a quantum state and two pairs of observables such that
the expression OCHSH violates the CHSH inequality and therefore cannot be
explained with any LHV model.
Experimental “Bell” tests of local-realism As we said, Bell’s inequal-
ity, and in particular the one derived by CHSH [40] opened the way to pos-
sible experimental tests of local-realism, in the form of the existence of some
LHV theory behind quantum mechanical predictions. However practically
such tests have been and still are very difficult to perform in a doubtless
way. The first test was made by Freedman and Clauser in 1972 [61], just
few years after CHSH inequality was derived. In this test, as in most of
other successive tests [99, 69, 3, 2, 1] (see also [63] for a review), the system
consisted of pairs of photons, with an entangled polarization state analogue
to Eq. (1.29) (see Fig. 1.7 for a scheme of the type of experiment). The
result was a violation of a variant of the CHSH inequality by six standard
deviations.
However, in this first experiment [61] an additional assumption had to
be introduced, due to the lack of an efficient method to detect the photon
pairs. That was the so-called fair sampling assumption, that means that the
sample detected is a fair sample of the whole set of states produced. The
introduction of this additional assumption is also referred as the detection
loophole in the experiment. Its solution would consist basically of increasing
the fraction of detected pairs up to around 66%, being at the time of the
first experiment only less than 1%. Nowadays this loophole has been closed
in experiments with other systems, as for example trapped ions [141], and
in a photonic experiment [69] just quite recently.
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Figure 1.7: Scheme of an experimental Bell test. A source produces pairs
of entangled particles (photons), sent in opposite directions. Each photon
encounters a polarizer with one randomly chosen orientation, correspond-
ing to one observable between a1 and a2 (respectively b1, b2). In the end,
correlations 〈aibj〉 are measured through a coincidence detector.
This was not the only problem. There is another important loophole,
called the locality loophole, that consists in assuring that the measurements
are performed in space-like separated events. This loophole was closed later
in the famous photonic experiments conducted by Aspect in the ’80s [1], but
never together with the detection loophole. Thus a completely satisfactory
test is still missing, thought it is strongly believed that it will be performed
in the very near future [63].
This because, although not conclusive, almost all of the several tests per-
formed not only violated local-realism by itself, but even more remarkably
were in total agreement with the quantum mechanical predictions. Moreover
each of the two main loopholes has been closed separately in photonic ex-
periments and various groups are working to close both of them in the same
experiment soon.
1.2.2 Kochen-Specker theorem and contextuality inequali-
ties
Another milestone on the debate about the objective reality behind quantum
predictions was set by Kochen and Specker [101] soon after Bell’s theorem.
Their approach was along the same line of thoughts as the old von Neu-
mann “no go” theorem, trying to somehow fix its weakness. The goal was
still to explore the possibility of explaining the randomness of outcomes in
quantum mechanics as coming from an underlying classical definite value,
possibly depending on some hidden variables. Their approach is on the one
hand more general than Bell’s, and thus in a sense could simply follow from
Bell’s argument itself. On the other hand Kochen-Specker’s approach gives
different insights on what the peculiar logical differences of quantum theory
are as compared to classical mechanics and does not need to restrict the
analysis to multipartite scenarios.
The principle that they wanted to test is called non-contextuality. It
states that the actual value of an observable cannot depend on the values of
other observables measured jointly, provided that alltogether they form a set
of compatible observables; or in other words that the value of an observable
does not depend on the context in which it is measured12. In the framework of
hidden variable theories one can give a definition of Non-Contextual Hidden
Variables theory (see e.g., [25] and references therein), analogous to Def. 1.7
but with the following assumptions
. (Non-contextuality) The value of an observable is independent of the
measurement context, i.e., it is independent of which set of compatible ob-
servables is measured jointly with it.
. (Realism) Results of measurements are determined by properties that the
system carry on prior to and independent of the measurements themselves.
. (Free-Will) The choice of a measurement setting do not influence and is
not influenced by the outcome of other measurements.
Note that both of the first two assumptions do not hold in quantum
theory and thus one can try to find contradictions between NCHV theories
and quantum predictions. In practice Kochen and Specker were following a
slightly different approach, the same followed by Gleason [72] to prove his
theorem (Th. 1.1.1), namely to represent results of measurements as logical
yes/no answers and formalize them using projectors, and in particular com-
muting projectors to represent results of compatible measurements. They
then proved the following theorem, of which we give just an idea of the proof
in a simplified way, following an argument that Peres [131, 132] and Mermin
[123] gave later.
12Here is the improvement with respect to von Neumann’s approach. In von Neumann’s
theorem the assumption was implicitly that the value of observables do not depend on
the value of other observables measured jointly. This assumption was in fact too strong
and the theorem can be falsified by simply choosing two incompatible observables and
does not show any incompleteness of QM. Nevertheless KS proved that the statement of
von Neumann’s theorem holds even if the observables are restricted to be compatible, and
this is a much stronger requirement. By requiring this, KS showed the incompatibility
between non-contextuality, realism and QM.
Theorem 1.2.3. (Kochen-Specker theorem). No Non-Contextual Hidden
Variables (NCHV) theory can reproduce all the predictions of quantum me-
chanics in a system with at least 3 possible distinguishable states.
Proof. To prove the theorem we will consider instead a system that can be
in 4 distinguishable states, so that the proof can be simplified a lot. Thus,
consider a 4 dimensional Hilbert space H and the following set of dichotomic
observables, named Peres-Mermin square
O1,1 = σz ⊗ 1 , O1,2 = 1⊗ σz , O1,3 = σz ⊗ σz , (1.40)
O2,1 = 1⊗ σx , O2,2 = σx ⊗ 1 , O2,3 = σx ⊗ σx , (1.41)
O3,1 = σz ⊗ σx , O3,2 = σx ⊗ σz , O3,3 = σy ⊗ σy , (1.42)
that is such that all the observables in the same row commute with each
other, as well as the observables in the same column. Thus each row and
each column form a set of compatible observables, i.e., a particular context.
However all these contexts but the last column are such that their product
gives the identity, e.g., O1,1 ·O1,2 ·O1,3 = 1. Instead, the last column is such
that O1,3 ·O2,3 ·O3,3 = −1. Thus in every contextual theory the values v(·)
associated to such observables must be such that v(O1,3) · v(O2,3) · v(O3,3) =
−1 and their product gives +1 for all other contexts. Thus in particular
if we consider the contexts corresponding to the three rows then the values
have to satisfy
(v(O1,1)v(O1,2)v(O1,3))·(v(O2,1)v(O2,2)v(O2,3))·(v(O3,1)v(O3,2)v(O3,3)) = 1 ,
(1.43)
while if we consider the context corresponding to the columns we obtain
(v(O1,1)v(O2,1)v(O3,1))·(v(O1,2)v(O2,2)v(O3,2))·(v(O1,3)v(O2,3)v(O3,3)) = −1 ,
(1.44)
that is a contradiction, since the two expressions are exactly the same.
Remark. Note that in the above theorem nothing is assumed about the com-
position of the system, that might be composed of simply a single party, while
in Bell’s theorem the multipartite scenario played a fundamental role since
locality was one of the assumptions. Here moreover the minimal dimension
of the system required by the theorem to hold is 3 and not 413. Note also
that in the proof nothing was assumed about the state of the system. As a re-
sult, contextuality conditions can be derived that are violated by any quantum
state. These last are called state-independent contextuality conditions.
13We actually gave a proof that works for a 4 dimensional Hilbert space. However in the
original proof Kochen-Specker gave an explicit set of observables that led to a contradiction
even in a 3 dimensional space, but the set is much more complicated since it is formed by
117 observables.
The statement is that if one wants to believe in both quantum mechanics
and the objective reality behind the measurement results, then one has to
assume that the outcomes of a measurement depend on the context in which
it is performed. This is a more general statement than Bell’s theorem in the
sense that the different (couples of) local settings in a Bell scenario (e.g.,
(a1, b1), (a1, b2) . . . ) correspond to a particular case of different contexts.
It is worth to note that this KS theorem can be expressed also in a way
analogous to Bell’s theorem, i.e., writing an inequality that must holds in
every NCHV theory and that is violated by some quantum states. An exam-
ple is given by the following inequality, derived by Klyachko, Can, Binicioğlu
and Shumovsky (KCBS) [99]
Theorem 1.2.4. (KBCS inequality). Consider a single system S and the fol-
lowing couples of compatible observables (a0, a1), (a1, a2), (a2, a3), (a3, a4),
(a4, a0). Then the inequality
〈a0a1〉+ 〈a1a2〉+ 〈a2a3〉+ 〈a3a4〉+ 〈a4a0〉 ≥ −3 , (1.45)
holds for every possible non-contextual hidden variables theory, where
〈aiaj〉 =
∫
xiyj Pr(xi, yj)ai,ajdxidyj , (1.46)
are the bipartite correlations between the outcomes of (ai, aj).
We don’t give the explicit proof here, but the bound on the right hand
side is simply obtained by trying all possible non-contextual assigment to
the expression on the left hand side.
Summarizing, the theorems that we have shown above restricts very much
the kind of theories that could explain experimental results in agreement with
quantum theory. In particular, if one wants to believe to quantummechanical
predictions and to the objective reality behind results of measurements (and
to the free will assumption as well), then one is forced to think that
1. Results of measurements depend on the context in which they are
obtained.
2. Different contexts provide different results even in the case in which
the measurements are not causally connected according to special rel-
ativity.
Thus, again, there are pillar principles of classical physics that can be
experimentally tested independently on the specific theory and result in ex-
plicit conflict with quantum mechanics. However so far every statement is
designed to be experimentally confirmed just for microscopic systems, in
which somehow the classical intuition can be given up with less effort. But
then later a similar result, putting serious constraints to classical models try-
ing to agree with quantum mechanics, has been derived explicitly considering
macroscopic systems. This is what is going to be discussed next.
1.2.3 Leggett-Garg inequalities
One of the main criticism made by realists, i.e., the ones who believe that
nature must have some objective reality and that measurement are just a
tool to reveal preexisting properties of a system, to the actual formulation of
quantum mechanics is that it is implicitly assumed that there is a boundary
between macroscopic and microscopic systems. The former are the measure-
ment devices and the latter the physical systems. However this boundary is
not fixed and can in principle be pushed forward indefinitely. For example
in this regard Bell [16] said
A possibility is that we find exactly where the boundary lies.
More plausible to me is that we will find that there is no bound-
ary.
It is therefore natural to think that quantum phenomena appear also at
macroscopic scales, though more difficult to detect. Again, this was in fact
the concern that for example Schrödinger wanted to express with his famous
story involving the cat. With Bell-type tests however, it would not have been
straightforwardly possible to detect a truly quantum (i.e., non classical) effect
at macroscopic scales because of the insurmountable experimental challenges
that this task would have implied.
Thus later, in 1985, Leggett and Garg [110] tried to adapt Bell’s ap-
proach to the framework of macroscopic systems and discriminate between
our classical intuition and quantum mechanics. To do this they focused
on correlations between measurements of a single (macroscopic) observable
made on a single (macroscopic) system, but at different instants in time.
In particular to formalize our classical intuition on the behaviour of
macroscopic systems they introduced the set of theories that can be called
Macrorealist Hidden Variables theories and are based on the following as-
sumptions (see [56])
. (Macroscopic Realism) It is possible at all times to assign a definite
value to an observable with two or more macroscopically distinct outcomes
available to it on a (macroscopic) system.
. (Non-Invasive Measurability) It is possible, in principle, to determine
the value of an observable on macroscopic systems causing an arbitrarily
small disturbance.
. (Induction) The outcome of a measurement on a system cannot be affected
by what will or will not be measured on it later.
Then they assumed that one can measure the correlations 〈Q(ti)Q(tj)〉
of a dichotomic macroscopic variable Q at two different instants of time ti
and tj and, by considering the combination of three pairs of correlations for
three instants (t1, t2, t3), they derived an inequality that must be satisfied
by all MHV theories (see Fig. 1.8).
Theorem 1.2.5. (Leggett-Garg inequality). Consider a single system S and
a macroscopic property Q of such a system measured at three different in-
stants of time (Q(t1), Q(t2), Q(t3)). Then the inequality
〈Q(t1)Q(t2)〉+ 〈Q(t2)Q(t3)〉 − 〈Q(t1)Q(t3)〉 ≤ 1 , (1.47)
holds for every possible macrorealist hidden variables theory, where
〈Q(ti)Q(tj)〉 =
∑
xi,xj=±1
xixj Pr(xi, xj)Q =
∑
xi,xj=±1
xixj Pr(xj |xi)Q(tj) Pr(xi)Q(ti)
(1.48)
are the two-time correlations between the outcomes of Q.
Proof. The three assumptions of a MHV theory together imply that there
exists a single probability distribution for the three outcomes (due to the
MR assumption) P = Pr(x1, x2, x3)Q and (due to NIM) that the two-time
correlations can be computed through the marginals over P . Then, using just
the fact that
∑
x1,x2,x3=±1 P = 1 one obtains the bound of Eq. (1.47).
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Figure 1.8: Schematic representation of the Leggett-Garg test. Sequences of
measurements Mi of an observable Q are performed giving results xi = ±1.
Macrorealism assumes non-invasive measurements, with the consequence
that correlations, e.g., C13 = 〈Q1Q3〉, are equal, independently of which
sequence was performed to obtain them. S(1,2,3) and S(1,3), which differ by
the presence or absence of M2, give the same C13 in macrorealism but not
in quantum mechanics.
Now let us focus a little bit on the assumptions made here. The first
is analogous to what we previously called simply realism, but just referring
explicitly to macroscopic objects. Thus here basically we are assuming that
the system is at any time in a single state from a set of several “macroscopi-
cally distinct” ones, simply meaning that we are looking at some macroscopic
property of the system and assume that this property has a definite value
at all times. Note, however, that this remains a rather vague assumption
until further formal clarification of the meaning of the word macroscopic is
provided. We will discuss this issue briefly at the end of Ch. 4.
The second assumption is also tied to macroscopic system, on which we
expect to be able to perform measurements with arbitrarily small distur-
bance. This is an assumption that classically one usually can give up for a
microscopic system because of just technical difficulties and here is somehow
crucial just because we focus on macroscopic objects. Again in quantum
theory both of these first two assumptions do not hold, since any system
(even macroscopic) can be in a superposition state and every measurement
is invasive since the state collapses afterwards. The third assumption might
be thought as just the analogue of free will in this framework.
Thus in quantum mechanics the LG inequality can be violated even in
the simplest system, a single spin-12 particle, and there is no constraint that
prevents it to be violated in macroscopic, e.g., very large spin, systems. In
fact states of large spin systems violate Eq. (1.47) even up to its algebraic
maximum [26].
Remark. Note also that in quantum mechanics there is not a univocal way
to compute the time correlations Eq. (1.48), since they depend on how the
state is updated after the measurement, and thus on the nature of the mea-
surementsMQ(ρ) themselves. The main example is given by projective mea-
surements and is the one implicitly considered in the work of Leggett and
Garg. In that case the correlations can be computed by means of Lüders rule
[118]
〈Q(ti)Q(tj)〉 =
∑
xi,xj=±1
xixjTr
(
pixjU(tj , ti)pixiU(ti, t0)ρ0U
†(ti, t0)pixiU
†(tj , ti)
)
,
(1.49)
where pix is the projector onto the space of eigenstates with eigenvalue x, ρ0
is the initial state and U(tj , ti) is the unitary evolution operator.
As in the previous cases also the incompatibility between quantum me-
chanics and MHV theories can be put as a theorem.
Theorem 1.2.6. (Leggett-Garg theorem). No Macrorealist Hidden Vari-
ables (MHV) theory can reproduce all the predictions of quantum mechanics.
Proof. As a proof we can show that Eq. (1.47) can be violated in a single spin-
1
2 system. Consider then three spin-
1
2 operators Q(ti) =
∑
k ak(ti)σk for the
three instants (t1, t2, t3). It can be shown that for projective measurements
the time correlations, computed according to Eq. (1.49) can be expressed as
the symmetrized product of the observables
〈Q(ti)Q(tj)〉 = 1
2
〈{Q(ti), Q(tj)}〉 , (1.50)
where {·, ·} is the anticommutator. Thus as a result we obtain
〈Q(ti)Q(tj)〉 = 1
2
〈
{∑
k
ak(ti)σk,
∑
l
al(tj)σl
}
〉 =
∑
k
ak(ti)ak(tj) = cos θi,j ,
(1.51)
for a certain phase θi,j depending on the instants (ti, tj). In particular,
choosing the time instants such that θ1,2 = θ2,3 = 12θ1,3 =
pi
3 we obtain
〈Q(t1)Q(t2)〉+ 〈Q(t2)Q(t3)〉 − 〈Q(t1)Q(t3)〉 = 3
2
> 1 , (1.52)
and the LG inequality (1.47) is violated.
Recently these LG tests have attracted increasing attention and several
experiments have been performed, mainly still using microscopic systems
[74, 187, 49, 154, 176, 64, 7, 153, 100, 139], with few exceptions [128, 77], that
used superconducting quantum devices, similarly to the original proposal of
Leggett and Garg. All such tests, however, suffer also from a weakness called
clumsiness loophole (see e.g., [56] for a review on Leggett-Garg inequalities),
consisting basically of the possibility of explaining the results with some
hidden and unwanted clumsiness in the measurements, still obeying classical
principles.
We will discuss in some detail this loophole in Ch. 4.
Chapter 2
Entanglement detection and
spin squeezing
In the previous chapter we introduced the basic principles of quantum the-
ory and discussed the interpretative questions raised by those principles. We
have also presented results that show some fundamental differences between
“quantum” and classical theories, detectable with some combinations of cor-
relations. Here we are going to discuss in more details one of these fundamen-
tal characteristics of quantum theory, that evolved from being thought as a
problem of the theory to one of the main target resources to be produced in
current experiments. This is what was termed entanglement by Schrödinger
in his response [146] to the EPR paper and consists in the non-separability
of the description of certain states of a system into a composition of subsys-
tems’ states. As Schrödinger himself explains it, non-separability means the
following
...Maximal knowledge of a total system does not necessarily in-
clude total knowledge of all its parts, not even when these are
fully separated from each other and at the moment are not in-
fluencing each other at all... and this is what keeps coming back
to haunt us.
and has been initially thought as a trait of quantum mechanics difficult to
interpret and contradictory to experience.
Nowadays instead, after the works of Bell the situation has changed and
we know not only that entanglement is an experimental fact, but also that
it can be exploited as a resource for practical tasks. In fact, since some pio-
neering works [60, 19, 53, 149], it has been shown that an initially prepared
entangled state such as the EPR pair (1.29) can be used to improve the effi-
ciency of protocols in communication, computation, metrology among other
things. This, together with a progressive improvement of experimental tech-
niques to accurately control physical systems has led to an increasing interest
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in the theoretical study of criteria designed to certify that entanglement has
been actually observed (see [83] for a review of the topic). Even more, entan-
glement intended as a resource has been studied in a way oriented to detect
and quantify its usefulness [91].
In this respect bi-partite systems are nowadays very well understood
and there are well established results that led to a satisfactory theory of
entanglement and its quantification. We will thus focus on such systems to
introduce the main concepts of this theory, that is on the other hand very
rich and complicated. In fact in multipartite scenarios, even for already
three parties the situation is far more complicated. It has been discovered
that there are very many “kinds” of entangled states, not comparable to each
other and that the problem of detection and quantification of entanglement
is in general very hard, if not unsolvable.
On the other hand, true multipartite entanglement has been proven to
be important for technological applications. Thus for multipartite systems,
even few-partite, the theory is usually restricted to specific classes of systems
or even to specific experimental setups, but still arouses a lot of interest.
In our case we will focus on systems composed of very many parties and
study criteria designed to detect entangled states based on the knowledge
of few collective quantities, which are relatively easy to measure in many
experimental setups.
In particular we will study the so-called Spin Squeezing criteria, that
define the class of Spin Squeezed States (SSS) [98, 183, 151, 119]. These are
on the one hand relatively easy to produce with different techniques and on
the other hand can be used for technological improvements e.g., in metrology,
due to the fact that they are entangled [67].
The structure of this chapter is the following. First in Sec. 2.1 we in-
troduce the formal definition of entangled states and study the detection
and quantification of entanglement in bipartite systems. In that case there
exists basically a unique quantity that measures entanglement, at least in
pure states. We will introduce in that scenario some different kinds of en-
tanglement criteria generally employed. Then, in Sec. 2.2 we will see how
the situation complicates itself for multipartite systems. We will recall the
main criteria usually considered and focus on criteria based on collective
observables, adapt for systems composed by very many parties. Finally, in
Sec. 2.3 we switch the attention to Spin Squeezed States and their practical
usefulness, starting from their initial definition and going through all the
successive developments of their study, leading to a multitude of possible
definitions and applications.
2.1 Entanglement in bipartite systems
In this section we will introduce the formal concept of entangled, as op-
posite to separable states, according to the mathematical definition usually
attributed to R. Werner [179]1. We will then present the fundamental results
obtained in bipartite system, showing the main different approaches to the
detection and quantification of entanglement.
2.1.1 Definition and basic concepts
An entangled state can be intuitively defined as a state in which one can
observe a violation of some Bell-like inequality. However this rather obscure
intuition cannot be easily employed as it is within the quantum mechanical
formalism, but needs some additional assumptions. One precise mathemat-
ical formulation has been given by introducing the definition of separable
states, thought as the “classical” states that cannot violate any Bell inequal-
ity. The idea was that these should be states that can be produced by putting
together states created locally in every subspace. States that can be written
as separable density matrices, according to Def. 1.22 have such property and
form a mathematically well defined class of quantum states.
Definition 2.1. (Separable and entangled states). A density matrix
ρsep acting on a Hilbert space HS = HP1 ⊗ · · · ⊗HPn is called separable if it
can be written as a convex mixture of product states
ρsep =
∑
k
pkρk pk ≥ 0 ,
∑
k
pk = 1 , (2.1)
where {pk} is a probability distribution and {ρk} is a certain set of product
states
ρk = ρ
(1)
k ⊗ · · · ⊗ ρ(n)k , (2.2)
with ρ(i)k ≥ 0, Trρ(i)k = 1 and the apex (i) referring to the party Pi.
Otherwise, a density matrix ρent that cannot be written in the form 2.1
is called entangled.
Defined in this way separable states cannot violate any inequality derived
with the same assumptions as the Bell theorem. However there are also en-
tangled states that cannot violate any Bell-like inequality as well. Thus this
definition does not entirely capture the concept of a state that obeys local-
realism. In this respect, other inequivalent definitions can be given, such
as non-locality, that refers to a possible description of the state with LHV
models, or steering [184], that is somehow intermediate between the other
two. Nevertheless, one can still provide the definition of non-separability as
1Actually Werner himself in [180] explains that this definition was developed before his
paper independently by himself and by H. Primas and members of his group.
in Def. 2.1 as a “truly quantum feature” of a state and also as a resource for
practical tasks.
Unfortunately, although the property of the set of separable states being
convex simplifies it a lot, the general problem of entanglement detection
remains rather complicated and practically unsolvable. Thus one in general
has to restrict the study to specific classes of states. The only relatively
simple case is when the system is composed by just two parties. In particular
for pure bipartite states the following theorem can be exploited to give a
complete characterization of entanglement.
Theorem 2.1.1. (Schmidt Decomposition). Let us consider a bipartite pure
state |Φ〉 ∈ HA ⊗HB. Then there exists an orthonormal basis {|ai〉} of HA
and an orthonormal basis {|bi〉} of HB such that
|Φ〉 = λi|ai〉|bi〉 , (2.3)
where λi ≥ 0 are called Schmidt coefficients. The number of λi different from
zero is called Schmidt rank R(|Φ〉) of the state.
The same decomposition can be found for a bipartite density matrix. Thus
every bipartite density matrix ρ can be decomposed as
ρ =
∑
k
λko
A
k ⊗ oBk , (2.4)
with λk ≥ 0 and for some couple of orthonormal basis {oAk }, {oBk } of the
space of operators.
We will omit the proof, that can be found in many textbooks. The above
result immediately implies that a state with Schmidt rank equal to 1 can be
written in a product form in some basis and thus it is separable. On the
other hand, states |Φ〉 such that R(|Φ〉) > 1 must be entangled. Thus the
quantity R alone is sufficient to characterize entanglement in pure bipartite
states. For mixed bipartite states already the situation gets a lot more
complicated. There are several useful criteria either necessary or sufficient
to prove entanglement but no simple one is both necessary and sufficient.
We are going to present some important examples of such criteria in what
follows. The first, and most famous is due to Peres [134] and is called Positive
Partial Transpose (PPT) criterion.
Theorem 2.1.2. (PPT criterion). Consider a separable state ρsep of a bi-
partite system HA⊗HB. Then the operator ρTAsep obtained by transposing the
indices relative to one subsystem HA is positive ρTAsep ≥ 0. Thus any state ρ
such that ρTA < 0 must be entangled.
Proof. Directly from the definition of separable states we have
ρsep =
∑
k
pkρ
A
k ⊗ ρBk , (2.5)
and thus
ρTAsep =
∑
k
pk(ρ
A
k )
T ⊗ ρBk ≥ 0 , (2.6)
where we denoted as (·)T the transposed matrix. Eq. (2.6) follows from the
fact that by definition ρAk ≥ 0 and pk ≥ 0. Note that it is equivalent to take
the partial transposition with respect to party B since ρTAsep ≥ 0 ⇔ ρTBsep ≥
0.
This theorem gives a necessary but not sufficient condition for separa-
bility and thus a sufficient criterion to prove entanglement. It exploited the
fact that the transposition is an operation that is positive but not completely
positive and thus the partial transposition might not preserve in general the
positivity of the density matrix. However this cannot happen when the state
is separable. In fact the PPT criterion can be also turned into a very general
if and only if statement, that we are going to enunciate omitting the proof.
Theorem 2.1.3. (Positive maps criterion). A state ρsep of a bipartite sys-
tem HA ⊗HB is separable if and only if
L ⊗ 1(ρsep) ≥ 0 (2.7)
holds for all positive but not completely positive operations L acting on one
party.
This provides a mapping from the separability problem to the study and
classification of positive but not completely positive maps. In fact, other
criteria have been derived using positive but not completely positive opera-
tions, but we are not going to present them. Rather, we present another very
important criterion belonging to a different class. It is called the Computable
Cross Norm or Realignment (CCNR) criterion [142, 36].
Theorem 2.1.4. (CCNR criterion). Consider a state ρ of a bipartite system
HA ⊗ HB in its Schmidt decomposed form ρ =
∑
k λko
A
k ⊗ oBk , with {oAk },
{oBk } orthonormal basis of the space of operators of the respective parties.
The singular values {λk} must satisfy∑
k
λk ≤ 1 (2.8)
for all separable states. Thus if
∑
k λk > 1 the state ρ must be entangled.
Proof. Consider a pure product state ρsep
ρprod = ρ
A ⊗ ρB , (2.9)
with Tr(ρA)2 = Tr(ρB)2 = 1. It is already in its Schmidt decomposed form
and we have
∑
k λk = 1. Then consider a mixed separable state
ρsep =
∑
k
pkρ
A
k ⊗ ρBk . (2.10)
Since
∑
k λk := ‖ρ‖1 is a norm in the space of density matrices we have that
‖ρsep‖1 ≤
∑
k
pk‖ρAk ⊗ ρBk ‖1 = 1 (2.11)
holds for all separable states.
This criterion, as the PPT, can be seen as a particular case of a larger
class of criteria, that are based on the fact that the trace norm ‖ρ‖1 cannot
increase under the action of a trace preserving positive map.
Theorem 2.1.5. (Contraction criterion). A state ρsep of a bipartite system
HA ⊗HB is separable if and only if
‖T ⊗ 1(ρsep)‖1 ≤ ‖ρsep‖1 = 1 (2.12)
holds for all trace preserving positive operations T acting on one party.
In this case again, since the condition is an if and only if, we can map the
separability problem into the study of trace preserving positive maps. This
is also a sort of complementary class of criteria with respect to the previous
one. In fact the PPT and CCNR criteria are used as complementary to each
other in the sense that none of them detects all possible entangled states,
but they can detect different states.
Since the problem of deciding whether a state is separable or not is very
hard, an approach widely used to find a solution in many practical cases
is based on numerical algorithms. In this respect it is very helpful that
the set of separable states is convex. By exploiting this property a test
of separability can be formulated as a convex optimization problem and in
many cases can be solved efficiently with semidefinite programming. An
important numerical method that does this is called symmetric extensions
method, that is based on the following observation
Observation 2.1. (Symmetric extension criterion). For every bipartite sep-
arable state ρsep =
∑
k pkρ
A
k ⊗ρBk there is an extension to a multipartite state
σsep =
∑
k
pkρ
A
k ⊗ ρBk ⊗ ρAk ⊗ · · · ⊗ ρAk (2.13)
that has the following properties: (i) it is PPT with respect to each possible
bipartition, (ii) has ρsep as reduced state with respect to the first two parties,
and (iii) it is symmetric under the exchanges of first party with any other of
the additional parties.
Thus, for each k, any state ρ for which such a symmetric extension to a
k-partite state does not exist must be entangled. Moreover for every entangled
state such symmetric extension to a k-partite state must not exist for some
k.
This facts results as quite powerful because it turns out that the problem
of finding a symmetric extension is solvable efficiently within semidefinite
programming and there are algorithms that either give a solution or prove
that no solution exists. In this last case the state in proven to be entangled.
Moreover in this way a hierarchy of separability criteria can be defined: if an
extension to a k-partite state does exist, then one looks for a k + 1-partite
state. If the state is entangled then at some k the symmetric extension
must not exist and the state will be detected by this procedure. Thus this
hierarchy is complete, in the sense that all entangled states are detected
at some step. On the other hand, it requires a hard computational effort,
so that in practice only the first step is usually feasible and only for small
dimensional systems.
2.1.2 Entanglement witnesses
In the criteria presented above, we have implicitly assumed that a certain
state ρsep is completely known and looked for a method to decide whether it is
separable or not. In practice, however, one has only very partial information
about a state ρ, and this information is usually encoded in expectation values
of observables, i.e., 〈O〉 = Tr(Oρ). Thus a usually more important practical
question is to derive entanglement criteria based directly on such observable
quantities. Formally one can define an entanglement witness as an observable
that does the job, i.e., detects a certain state ρ as entangled based just on
its average value.
Definition 2.2. (Entanglement witness). An observable W is called
entanglement witness if
Tr(Wρsep) ≥ 0 for all separable states ρsep ,
Tr(Wρent) < 0 for at least one entangled state ρent
(2.14)
holds. This means that the state ρent is detected as entangled by just mea-
suring the average value of the witness W.
Thus an entanglement witness is some operator that detects at leas one
state. On the other hand, it is also known that for every entangled state there
is at least one witness that detects it [89]. This fact can be directly connected
with the correspondence between positive but not completely positive maps
and separable states.
Theorem 2.1.6. (Completeness of witnesses). For each entangled state ρent
there exists a witness W that detects it, i.e., such that Tr(Wρent) < 0.
Proof. Consider a bipartite entangled state ρent. Then there exists a positive
map L such that L⊗1(ρent) has an eigenvector |η〉 with negative eigenvalue
λ− < 0. Thus, consider the adjoint map L∗, i.e., such that Tr(A · L(B)) =
Tr(L∗(A) ·B) for all operators A,B. We have that
Tr(L∗ ⊗ 1(|η〉〈η|) · ρ) = Tr(|η〉〈η| · L ⊗ 1(ρ)) ≥ 0 (2.15)
holds for all separable states due to the positivity of L and the positive maps
criterion. On the other hand
Tr(L∗ ⊗ 1(|η〉〈η|) · ρent) = Tr(|η〉〈η| · L ⊗ 1(ρent)) < 0 . (2.16)
Thus, W = L∗ ⊗ 1(|η〉〈η|) is a witness detecting ρent.
Due to the previous theorem the problem of separability can be mapped
into the problem of finding a witness for a certain entangled state. This
is in practice what is done for most experiments that aim at producing a
certain target ρent and at proving that what they produced, although not
exactly the target, is indeed an entangled state. In a way, this task is feasible
because of the convex geometry of the set of separable states. In fact note
that since the space of separable states is convex in the space of density
matrices and Tr(Wρ) is linear, an entanglement witness defines a hyperplane
Tr(Wρ) = 0 that cuts the space in two halves, one of which, Tr(Wρ) ≥ 0,
includes all separable states. Thus from an experimental point of view it is
plausible that although the target is not reached perfectly, if the produced
state is sufficiently close it will still be detected by the same witness W as
the target. In this respect, it is important to find an optimal witness for the
target state ρ, i.e., an operator Wopt that detects the maximal possible set
of states which includes ρ.
Definition 2.3. (Optimal entanglement witness). A witness W1 is
defined finer than another witness W2 if
W2 = W1 + P (2.17)
holds for some positive operator P . This means that the states detected byW2
are a subset of the states detected byW1. Then, a witnessW is called optimal
if there are no other witnesses finer than it. Furthermore, a witness W is
called weakly optimal if there exists a separable state ρ such that Tr(Woptρ) =
0.
Therefore, a weakly optimal witness W is such that the hyperplane
Tr(Woptρ) = 0 touches the set of separable states, while it is optimal if
and only if it has the additional property that the product states |ψi〉 such
that 〈ψi|W |ψi〉 = 0 span the whole space of separable states. If a witness is
not optimal, it can be in principle optimized with minimization algorithms,
although they might be computationally very hard.
As we have seen in Th. 2.1.6 there is a close connection between wit-
nesses and positive but not completely positive maps. This connection is
separable
W1 W2
entangled
Figure 2.1: Schematic representation of the set of separable states as a con-
vex subset of the set of all quantum states. The boundary points are pure
states and the common boundary represents pure product states. Two entan-
glement witnesses are represented; one of them, W1 is strictly finer than W2.
An entanglement measure E(ρsep) has been also represented as a distance
from the state to the set of separable states.
made precise and clear by exploiting a general result mapping bipartite op-
erators E acting on HA ⊗ HB into maps M : B(HA) → B(HB), called
Choi-Jamiołkowski isomorphism [45, 94, 38, 37].
Theorem 2.1.7. (Choi-Jamiołkowski isomorphism) The Choi-Jamiołkowski
isomorphism is a one to one correspondence between bipartite operator E
acting on HA ⊗HB and maps E from HA to HB given by the relations
E(ρ) = TrA(EρT ⊗ 1) , (2.18a)
E =
∑
k
(oAk )
T ⊗ E(oBk ) , (2.18b)
where {oAk }, {oBk } are orthonormal basis of the corresponding space of oper-
ators.
The isomorphism has, among others the following important properties.
(i) The map E is completely positive if and only if E ≥ 0. (ii) The map E is
trace preserving if and only if TrA(E) = 1dimHB . (iii) The map E is positive
but not completely positive if and only if E is an entanglement witness.
The previous theorem provides a very useful tool to map results ob-
tained on bipartite operators, e.g., bipartite quantum states, to analogous
for quantum operations (or quantum “channels”) and viceversa. In partic-
ular, concerning the detection of entangled states, an interesting result is
that, given an entanglement witness W, the corresponding map given by
Eq. (2.18a) detects all the states detected by an improved witness, namely
W˜ = (FA ⊗ 1)W (F †A ⊗ 1) , (2.19)
for arbitrary invertible matrices FA (sometimes called local filters).
2.1.3 Entanglement measures
A further step made in the light of exploiting entanglement as a resource
has been to quantify it. This idea can been pursued following an axiomatic
approach that starts intuitively from the features that one expects to exploit
in practice [136, 91]. In this respect, one asks to any reasonable measure
of entanglement to be a function of density matrices that satisfies a mono-
tonicity property under maps that cannot create entanglement, namely maps
that can be implemented locally and with at most a classical communication
channel between the parties. In particular the simplest axiomatic definition
of a measure of entanglement is called entanglement monotone [166]
Definition 2.4. (Entanglement monotone). An entanglement monotone
E(ρ) is a function from the space of bipartite density matrices HA ⊗HB to
the real numbers, with the following properties: (i) It vanishes on separable
states, i.e., E(ρ) = 0 iff ρ is separable. (ii) It cannot increase under LOCC
maps, i.e., E(L(ρ)) ≤ E(ρ) for all maps L belonging to the class of Local
Operations and Classical Communications. In particular property (ii) also
implies that (ii-a) It is invariant under local change of basis, i.e., E(UA ⊗
UBρU
†
A ⊗ U †B)) = E(ρ) for all unitaries UA, UB.
This is the minimal requirements that a reasonable entanglement measure
should satisfy. However sometimes stronger properties are also required,
such as for example the monotonicity under LOCC is replaced by a strong
monotonicity condition. This last states that for LOCC operations that have
output ρk with a certain probability pk, then the measure should not increase
on average ∑
k
pkE(L(ρ)k) ≤ E(ρ) . (2.20)
Unfortunately this definition of entanglement monotone cannot lead to a
single well defined notion of entanglement measure. This is because the space
of density matrices cannot be totally ordered with respect to LOCC opera-
tions. This means that there are states that cannot be connected between
each other with LOCC operations and thus cannot be compared between
each other with an entanglement monotone. A quite special case in this
sense is that of pure bipartite states, where at least a maximally entangled
state can be univocally defined, that is precisely the EPR pair: from an EPR
pair every other pure bipartite state can be reached through a LOCC. This
partial order is completely lost already for mixed bipartite states. Thus, al-
ready for bipartite system, many inequivalent entanglement monotones can
be found. In many cases they are strictly related to some entanglement cri-
teria and try to quantify how much the states violates a certain criterion.
For example, one can try to measure how negative is the partially trans-
posed density matrix and define in this way an entanglement measure called
negativity
Definition 2.5. (Negativity). Consider a bipartite state ρ acting on HA⊗
HB. The negativity is an entanglement monotone defined as
N(ρ) =
‖ρTA‖1 − 1
2
, (2.21)
that quantifies the violation of the PPT criterion by the state ρ.
Note that the negativity is also a convex function of the state
N
(∑
k
pkρk
)
≤
∑
k
pkN(ρk) , (2.22)
i.e., it cannot increase under mixing two or more states. This property is
also usually employed to define entanglement measures starting from pure
states through what is called convex roof construction.
Definition 2.6. (Convex roof construction). Given an entanglement
measure defined for pure states Epure(|φ〉) and a mixed state ρ we define
E(ρ) = inf
pk,|φ〉k
∑
k
pkEpure(|φ〉k) (2.23)
as a suitable entanglement measure for all states, where the infimum is taken
over all the possible decompositions of ρ as ρ =
∑
k pk|φ〉k. With this con-
struction E(x) is basically defined as the largest convex function smaller than
Epure(x).
With this construction it is defined for example one of the most used
measures for bipartite systems: the concurrence [86]
Definition 2.7. (Concurrence). Given a pure bipartite state |φ〉 ∈ HA ⊗
HB the concurrence is defined as
C(|φ〉) =
√
2(1− Tr(ρ2A)) , (2.24)
where ρA = TrB(|φ〉〈φ|) is the reduced density matrix relative to one party
and the definition is independent on the choice of the party.
For mixed states the concurrence is defined via convex roof construction.
Another idea to define measures of entanglement is to take a distance
measure from the set of separable states.
Definition 2.8. (Distance measures). An entanglement monotone can
be defined as
ED(ρ) = inf
σ separable
D(ρ, σ) , (2.25)
where D(·, ·) is a distance measure in the space of operators that is also
monotonic under general operations and the infimum is taken over the set of
separable states.
Actually not all the properties of a true distance are needed. In fact a
typical distance measure is defined by taking the relative entropy function
S(ρ‖σ) = Tr(ρ log ρ− ρ log σ) , (2.26)
that is not a true distance, but an entropic distance function. Note also that
a distance function need only to be monotonic under general operations in
order to obtain an entanglement monotone from it.
To conclude this discussion about entanglement measures we observe
that in general entanglement measures are very difficult to compute on a
given state, since they are complicated non-linear functions. Because of this
sometimes it is useful to derive bounds on a certain measure of entanglement
based only on linear expectation values, e.g., entanglement witnesses, or
some function simpler to evaluate coming from e.g., entanglement criteria.
Different methods have been derived to solve this task, and we present here
just one example. The idea is that measuring just the mean value of an
entanglement witness 〈W 〉 = w one wants not just to detect the state as
entangled, but also to quantify its entanglement by estimating a measure.
One way is to find a lower bound E(ρ) ≥ f(w) on some convex measure
E(ρ) based on its Legendre transform.
Theorem 2.1.8. (Legendre transform method) Knowing an expectation value
〈W 〉 = Tr(ρW ) of an observable W on a density matrix ρ, an optimal lower
bound on a convex function E(ρ) is given by
E(ρ) ≥ sup
λ
[λ〈W 〉 − Eˆ(λW )] , (2.27)
where we defined the Legendre transform of E(ρ) with respect to W as
Eˆ(W ) := sup
ρ
[Tr(Wρ)− E(ρ)] . (2.28)
Note that the observable W is not needed to be an entanglement witness, nor
E(ρ) is needed to be an entanglement monotone.
Apart from this, other methods can be used to estimate quantitatively
the entanglement of a state based only on linear expectation values or on
some non-linear measurable quantities. An important example of this last
case is the variance of some observables, as we are going to see in the following
discussion about multipartite entanglement detection.
2.2 Entanglement detection in multipartite systems
When the system considered is decomposed into more than two parties, then
the study of quantum entanglement between all the parties becomes even
much more difficult than in the bipartite case. In fact one observes from the
very beginning that many different classes of entangled states can be defined.
To show this consider a tripartite state ρ acting on HA ⊗HB ⊗HC . Then,
the following ways to define a separable state
ρF =
∑
k
pk(ρA ⊗ ρB ⊗ ρC)k , (2.29a)
ρB1 =
∑
k
pk(ρA ⊗ ρBC)k , ρB2 =
∑
k
pk(ρAB ⊗ ρC)k , ρB3 =
∑
k
pk(ρAC ⊗ ρB)k ,
(2.29b)
with pk ≥ 0 and
∑
k pk = 1 are not equivalent. In fact, through LOCC
operations, it is not possible to reach all states written as ρBi starting from
states of the form ρF. The same holds for the different forms ρBi , for instance
it is in general not possible to transform a state written as ρB1 into a state
written as ρB2 through LOCC. Therefore one must simply define different
classes of entangled states: states as in Eq. (2.29b) are called biseparable,
while (2.29a) are called fully separable. States that are not fully separable
are defined as entangled and states that cannot be written in no one of the
forms (2.29) are called genuine tripartite entangled (see Fig. 2.2).
Furthermore, even within the genuine tripartite entangled states there
are two inequivalent classes of states [51, 76]. For parties with 2 dimensional
Hilbert spaces (the so-called qubits) the representative states of the classes
are respectively the Greenberger-Horne-Zeilinger (GHZ) state [76]
|ΨGHZ〉 = 1√
2
(|000〉+ |111〉) , (2.30)
and the W -state [51]
|ΦW〉 = 1√
3
(|100〉+ |010〉+ |001〉) , (2.31)
where we denoted with |0〉 and |1〉 the two basis states, as in the quantum
information language [97].
For systems with more parties the situation gets even more complicated,
since already for 4 parties there are infinitely many inequivalent LOCC
classes, but still there remains the classification between separable, bisep-
arable, and in general k-separable states
Definition 2.9. (k-separable and genuine k + 1-partite entangled
states). A density matrix ρ of an N -partite system H1 ⊗ · · · ⊗HN is called
GHZ-class
fully separable
W-class
·ρF
·ρB1·ρB2
·ρB3
WGHZ
biseparable
Figure 2.2: Schematic representation of the set of tripartite states from the
point of view of entanglement classification. The set of fully separable states
is a subset of the set of biseparable states, that is composed by three regions,
corresponding to the three different bipartitions (A|BC,B|AC,C|AB). Out-
side the states are genuinely tripartite entangled, but still can belong to two
different classes: the W-class and the GHZ-class.
k-separable iff it can be decomposed as∑
i
pi(ρ1 ⊗ · · · ⊗ ρk)i , (2.32)
with pi ≥ 0 and
∑
i pi = 1 and for some partition of the system into k
subsystems.
A state that cannot be written in the form (2.32) for any partition of the
system into k subsystems is called genuinely (k + 1)-partite entanged.
A slightly different definition is also often employed. It considers whether
a state can be decomposed into a separable mixture of states involving at
most k-parties.
Definition 2.10. (k-producible and k+1-entangled states). A density
matix ρ of an N -partite system H1 ⊗ · · · ⊗ HN is called k-producible iff it
can be decomposed as ∑
i
pi(ρ1 ⊗ · · · ⊗ ρM )i , (2.33)
with pi ≥ 0 and
∑
k pi = 1 and where the states {ρ1, . . . , ρM} are at most
k-partite.
Any state that cannot be written in the form (2.33) is called k + 1-
entangled.
Note that although the two definitions above are different, e.g., states
that are 3-entangled are in general different from genuine 3-partite entan-
gled states, while states that are N -entangled are also genuine N -partite
entangled and viceversa. Given these definitions and the fact that there are
infinitely many different classes of entangled states one can derive criteria
that aim to detect specific classes of entangled states or specific degrees of
multipartite entanglement. For example, a criterion that can rule out full
separability on a state is a generalization of the CCNR criterion [185, 39, 90].
Theorem 2.2.1. (Permutation criteria) Consider an N -partite density ma-
trix ρ expanded in a certain basis
ρ =
∑
i1,j1,...,iN ,jN
ρi1,j1,...,iN ,jN |i1〉〈j1| ⊗ · · · ⊗ |iN 〉〈jN | , (2.34)
and consider an arbitrary permutation of the indices pi(i1, j1, . . . , iN , jN ).
Then for all fully separable states
‖ρpi(i1,j1,...,iN ,jN )‖1 ≤ 1 (2.35)
holds.
More generally one can find criteria based on positive but not completely
positive maps, trace preserving maps or entanglement witnesses and gener-
alize them to the multipartite case as constraints on full separability. Or
one can consider for example a certain (or all) bipartition(s) and check bi-
partite criteria. Moreover also the correspondence between positive maps
and entanglement witnesses can be exploited and generalized for the multi-
partite case. Even more specifically for many experiments it is interesting
to derive criteria designed to detect entanglement in the vicinity of a given
target state. This is done easier by considering entanglement witnesses op-
timized to detect such target states. An example can be given by a witness
for GHZ-like states.
Theorem 2.2.2. (GHZ entanglement witness) Consider a tripartite system
HP1 ⊗HP2 ⊗HP3 . The operator
WGHZ =
3
4
1− |ΨGHZ〉〈ΨGHZ| , (2.36)
where |ΨGHZ〉〈ΨGHZ| is the projector onto the 3-partite GHZ state (2.30) is
an optimal entanglement witness that detects states close to the GHZ state.
Analogously as Eq. (2.36) other witnesses can be constructed to detect
for instance genuine tripartite states or states in the vicinity of a given tar-
get |ψ〉. Furthermore, there can be defined measures of entanglement for a
multipartite scenario. As usual a straightforward way is to consider bipar-
tite measures and either compute them for some bipartitions or generalized
them for a multipartite state. On the other hand there are also measures
specifically defined to a multipartite setting. An important example is the
so-called three-tangle [41], that is a measure of entanglement for 3-partite
states.
Definition 2.11. (three-tangle). For any pure 3-partite state |φ〉 in H1⊗
H2 ⊗H3 the three-tangle τ is defined as
τ(|φ〉〈φ|) = C2(|φ〉1|23)− C2(ρ12)− C2(ρ13) , (2.37)
where C2(·) is the square of the concurrence, ρij are the bipartite reduced
states relative to parties i,j and |φ〉1|23 is the state considered as 1|23 bipar-
tite, i.e., a vector of the space H1 ⊗ H2,3, H2,3 = H2 ⊗ H3. For general
density matrices ρ ∈ B(H1 ⊗ H2 ⊗ H3) the three-tangle is defined via the
convex roof construction.
This is a definition based on the concurrence, that tries to generalize it to
the multiparty setting. Other measures can be given to quantify the degree
of multipartite entanglement, as in Defs. 2.9,2.10. For example one can take
a distance measure from the state to the set of k-separable states, as in the
definition of the geometric entanglement [178]
Definition 2.12. (Geometric entanglement). For pure multipartite states
|ψ〉 the geometric entanglement is defined as
E
(k)
G (|ψ〉) = 1− sup|φ〉∈k−sep
|〈φ|ψ〉|2 , (2.38)
where the supremum over |φ〉 is taken over the set of k-separable states.
For general density matrices the geometric entanglement is defined through
the convex roof construction.
After briefly reviewing some different methods of entanglement detection
in multipartite systems, we now focus on a method to write entanglement
criteria based on the violation of Local Uncertainty Relations (LURs) in
finite-dimensional systems. Especially when applied to detect entanglement
in systems of very many particles it reveals itself as a simple but very powerful
method because allows to derive separability inequalities that are relatively
easy to check experimentally. This idea was introduced in [87] and was
developed in several ways [46, 68, 66, 79, 82, 81, 80], among which there is
also the derivation of some generalized spin squeezing inequalities [156, 84].
We will follow Ref. [87] and write a simple uncertainty relation that can
be violated only by entangled states. The idea has some analogies with the
original EPR-Bell approach and can be understood considering pairs of non-
commuting single particle observables (a1, a2), (b1, b2) in a bipartite system
HA ⊗HB. Since the ai, as well as the bi do not commute with each other,
they don’t have a common eigenstate and their uncertainties cannot be both
zero. However in the joint system, the uncertainties of Mi = ai ⊗ 1+ 1⊗ bi
can be both zero, but this must be associated to entanglement in the state.
Thus an entanglement criterion can be derived based on the sum of variances
as follows.
Theorem 2.2.3. (Entanglement detection with LURs) Consider a bipartite
system HA⊗HB and two pairs of observables (a1, a2) acting on HA, (b1, b2)
acting on HB such that
(∆a1)
2 + (∆a2)
2 ≥ Ua , (∆b1)2 + (∆b2)2 ≥ Ub , (2.39)
holds. Then, considering the joint observables Mi = ai ⊗ 1 + 1 ⊗ bi, the
inequality
(∆M1)
2
ρ + (∆M2)
2
ρ ≥ Ua + Ub (2.40)
must hold for all separable states ρ. A violation of Eq. (2.40) implies entan-
glement.
Proof. Consider first a product state ρp = ρA ⊗ ρB. We have that
(∆Mi)
2
ρp = (∆ai)
2
ρA + (∆bi)
2
ρB , (2.41)
and thus due to Eq. (2.39)
(∆M1)
2
ρp + (∆M2)
2
ρp ≥ Ua + Ub . (2.42)
Then, we exploit the fact that the variance is a concave function of density
matrices, i.e., (∆A)2ρ ≥
∑
k pk(∆A)
2
ρk
for ρ =
∑
k pkρk with pk ≥ 0,
∑
k pk =
1 and all observables A. Thus we have
(∆M1)
2
ρ + (∆M2)
2
ρ ≥
∑
k
pk[(∆M1)
2
(ρp)k
+ (∆M2)
2
(ρp)k
] ≥ Ua + Ub (2.43)
for all separable states ρ =
∑
k pk(ρp)k, pk ≥ 0,
∑
k pk = 1.
Note that there is the advantage that the bounds Ua, Ub in Eq. (2.39) need
to be computed on pure states only, since the variance is a concave function
of density matrices. Although in general they could still be very difficult
to find, and in practice in many cases have to be found numerically, there
are also interesting cases in which Ua, Ub are straightforwardly computed
analytically. In fact consider the three pauli matrices {σk}k=x,y,z on a single
spin-1/2 particle system (qubit). They have to satisfy the following LUR∑
k
(∆σk)
2 ≥ 2 . (2.44)
Thus in this case, defining the joint observables Σk = σk ⊗ 1 + 1 ⊗ σk, the
following entanglement criterion∑
k
(∆Σk)
2
ρ ≥ 4 , (2.45)
is easily derived as in the previous theorem 2.2.3. Moreover it can be eas-
ily seen that Eq. (2.45) gives a non-linear improvement over the optimal
entanglement witness
W = 1⊗ 1 +
∑
k
σk ⊗ σk . (2.46)
Hence we can see that LURs are a tool to derive non-linear entanglement cri-
teria that can detect more entangled states requiring the same measurements
as linear witnesses. Furthermore, such entanglement criteria can be used also
to provide experimentally measurable bounds on entanglement monotones.
2.2.1 Entanglement detection with collective observables
Many experimental systems aiming at producing entangled states are com-
posed of very many particles, that moreover cannot be individually addresses,
either because they are indistinguishable or for a practical impossibility. The
easiest and almost only quantities that can be measured in such experiments
are collective observables of the ensemble. For example, in an ensemble of N
spin-j atoms the quantities that can be measured are the collective spin op-
erators Jk =
∑N
n=1 j
(n)
k . Thus, for those situations it is important to derive
entanglement criteria based on expectation values of (possibly few) collective
quantities, such as 〈Jk〉 and (∆Jk)2.
For this task the previously mentioned criteria based on uncertainty rela-
tions are one of the main tools. In fact let us consider two collective operators
A1 =
∑N
n=1 a
(n)
1 and A2 =
∑N
n=1 a
(n)
2 . Then the following theorem provides
an uncertainty relation that can be violated only by entangled states and is
based on few collective measurements.
Remark. Note that having the possibility to measure collective quantities
might already imply that the parties are not space-like separated, and thus
the states detected with these methods are not violating classical principles
such as local-realism. Also, for systems of identical particles the formal defi-
nition of non-separability raises interpretative problems due to the forbidden
possibility to address individually the subsystems. Nevertheless we refer here
to entanglement intended as a resource for quantum information process-
ing, as a figure of merit to certify the non-classicality of the state in an
information-theoretic perspective.
Theorem 2.2.4. Every fully separable state ρsep of N particles must satisfy
(∆A1)
2
ρsep + (∆A2)
2
ρsep ≥ NU , (2.47)
where the constant U is such that the LUR (∆a1)2 + (∆a2)2 ≥ U holds for
all single particle states. Thus, every state ρ such that
(∆A)2ρ + (∆B)
2
ρ < NU (2.48)
must be entangled.
Proof. Let us consider a pure product state ρprod =
⊗(N)
n=1 ρ
(n). Since
A1 =
∑N
n=1 a
(n) and the variance is additive for a product state we have
(∆A1)
2
ρprod
=
∑
n(∆a1)
2
ρ(n)
. The same holds, for (∆A2)2, namely (∆A2)2ρprod =∑
n(∆a2)
2
ρ(n)
. Thus, exploiting the LUR we have that for a product state
(∆A1)
2
ρprod
+ (∆A2)
2
ρprod
≥
∑
n
U = NU (2.49)
holds. Finally the bound can be extended also to mixed separable states
ρsep =
∑
k
pkρk,prod pk > 0 ,
∑
k
pk = 1 (2.50)
due to the concavity of the variance (∆A)2ρsep ≥
∑
k pk(∆A)
2ρk,prod.
Theorem 2.2.4 can be straightforwardly extended to an arbitrary number
of non-commuting observables {A1, . . . , AM}, namely
M∑
k=1
(∆Ak)
2
ρsep ≥ NU , (2.51)
holds for all separable states, provided that a local uncertainty relation of
the form
∑M
k=1 ak ≥ U holds for the single particle operators.
As the main practical example for our purposes we mention the following
[156]
Theorem 2.2.5. (SU(2) invariant Spin Squeezing Inequality.) Every sepa-
rable state ρsep of N spin-j particles must satisfy
(∆Jx)
2
ρsep + (∆Jy)
2
ρsep + (∆Jz)
2
ρsep ≥ Nj , (2.52)
where Jk =
∑N
n=1 j
(n)
k are the collective spin components and (j
(n)
x )2 +
(j
(n)
y )2 + (j
(n)
z )2 = j(j + 1) for all particles (n).
Every state ρ such that
(∆Jx)
2
ρ + (∆Jy)
2
ρ + (∆Jz)
2
ρ < Nj (2.53)
must be entangled.
Proof. Let us consider three orthogonal spin directions jx, jy and jz. Since∑
k j
2
k = j(j + 1)1 and
∑
k〈jk〉2 ≤ j2 we have that
(∆jx)
2 + (∆jy)
2 + (∆jz)
2 ≥ j (2.54)
must hold for every single particle state. Thus Eq. (2.52) follows directly
from Th. 2.2.4, generalized for 3 observables, as in Eq. (2.51).
We called it Spin Squeezing Inequality because it detects states such that
one or more collective spin variances (∆Jk)2 are squeezed, with respect to
the bound given by the right-hand side of Eq. (2.52). In the next section
we will more properly define spin squeezed states as they were introduced in
the literature and give some generalized definitions in the next chapter.
The original spin squeezing parameter itself ξ2 := N(∆Jz)
2
〈Jx〉2+〈Jy〉2 is an ex-
pression that provides an entanglement criterion with collective observables
based on LURs. In fact Sørensen et al. [151] proved the following
Theorem 2.2.6. (Original Spin Squeezing entanglement criterion.) Every
separable state ρsepof N spin-12 particles must satisfy
ξ2(ρsep) :=
N(∆Jz)
2
ρsep
〈Jx〉2ρsep + 〈Jy〉2ρsep
≥ 1 , (2.55)
where Jk = 12
∑N
n=1 σ
(n)
k are the collective spin components.
Every state ρ such that
ξ2(ρ) < 1 (2.56)
must be entangled and is also-called Spin Squeezed State (SSS).
Proof. Let us consider the expression N(∆Jz)2−〈Jx〉2−〈Jy〉2. For product
states ρprod =
⊗(N)
n=1 ρ
(n) we have that
N(∆Jz)
2 − 〈Jx〉2 − 〈Jy〉2 ≥ N
∑
n
(
〈(j(n)z )2〉 −
1
4
)
= 0 (2.57)
follows from the Cauchy-Schwarz inequality and the LUR (∆jx)2 +(∆jy)2 +
(∆jz)
2 ≥ 12 . Then, since the left hand side is a concave function of density
matrices, the bound on the right-hand side also holds for all separable states
and Eq. (2.55) follows.
So far the number of particles in the system has been considered fixed,
and thus in particular it was a discrete number. However in actual ex-
periments the total particle number might be fluctuating. Thus a natural
extension to make would be to drop the fixed particle number assumption
and consider states that are mixtures or even coherent superpositions of dif-
ferent number of particles [92]. In principle, in fact, following the rules of
quantum mechanics one should allow for coherent superpositions of states
with different N , and consider a Hilbert space like H = ⊗N HN , where
HN is the state space of fixed-N particles. However in practice coherences
between different particle numbers are not observed and there is an ongoing
debate on whether they are even in principle allowed. Usually an assumption
called superselection rule is employed, that forbids to have superpositions of
states with different particle numbers.
. (Superselection rule on the particle number). A physical state can-
not be in a coherent superposition of states with different number of particles.
In the context of entanglement detection with collective observables we
also employ this assumption and restrict the framework to spaces like H =⊕
N HN rather than the full Hilbert space. This also means that all the
observables that we consider as physical must be in a reducible representation
with respect to the particle number, i.e., they must be of the form O =⊕∞
N=0ON , where ON act on the fixed-N particle space HN . In particular
the collective spin components have the form
Jk =
∞⊕
N=0
Jk,N , (2.58)
where Jk,N =
∑N
n=1 j
(n)
k are the fixed-N particle observables. Effectively,
what we are doing is to consider all the projections ρ→ ΠNρΠN of the state
ρ belonging to the full H onto HN for all N and reducing the most general
state to a mixture such as
ρ =
∑
N
QNρN QN ≥ 0 ,
∑
N
QN = 1 , (2.59)
where ρN ∝ ΠNρΠN is an N -particle state (i.e., it belongs to HN ). In this
framework we extend the definitions of separable and more in general k-
producible states to states that are k-producible in every fixed-N subspace
[92].
Definition 2.13. (k-producible states of fluctuating number of par-
ties). A density matix ρ of a system with a fluctuating number of particles
H = ⊕N HN is called k-producible iff the reduced state ρN corresponding to
every subspace HN can be decomposed as in Eq. (2.33).
Otherwise ρ is called (k + 1)-entangled.
Here it is also implicitly assumed that the state has probabilities QN
different from zero only when N ≥ k and usually one can also safely assume
that QN 6= 0 only for N  k. According to this definition one can also try to
extend the various criteria that we have discussed to the case of fluctuating
number of parties. At least in the case of criteria based on LURs this exten-
sion can be done relatively easily by exploiting the concavity of the variance,
namely
(∆Jk)
2 ≥
∑
N
QN (∆Jk,N)
2 , (2.60)
as shown by Hyllus et al [92] in the context of spin squeezing inequalities. We
will see more details about this in the next chapter. However note that the
same extension can be possibly done also for other criteria based on convex
(or concave) functions.
2.3 Spin Squeezing
In this section we will review briefly the very wide theory of Spin Squezeed
States (SSS)[98, 183, 151, 119] and some of their potential technological ap-
plications [98, 183, 67, 158]. These states are usually created in systems
composed of very many particles: some collective spin operators Jk are ma-
nipulated and entanglement can be created and detected with such observ-
ables. In particular then it will be necessary to use criteria for entanglement
detection that are based on collective observables. Interestingly, such cri-
teria are provided by the defining parameters themselves [151]. These last
being directly connected with the maximal precision achievable in some very
general metrological protocols [98, 183, 67, 158]. This is thus a practical
example in which the information-theoretic concept of entanglement can be
exploited as a resource and because of this both the study of SSS and of col-
lective observables based entanglement criteria is attracting a lot of attention,
especially since a couple of decades, in which experimental manipulation of
different many particle systems led to the possibility of actually creating and
detecting them [5, 57, 58, 78, 95, 96, 103, 106, 113, 115, 127, 138, 144, 165].
2.3.1 Definition of generalized coherent states
The definition of spin squeezed states can be given with some analogy with
a widely studied class of single particle states called generalized squeezed
states [129]. The latter are mathematically defined considering the action of a
certain group of transformations on the Hilbert space of single particle states.
Then, coherent states relative to a reference state are obtained through a
group transformation that acts irreducibly on the Hilbert space. A complete
treatment of the theory of coherent states is far beyond the scope of this
thesis. However we give here a simple introduction in order to include the
SSS into the general framework of squeezed states, as the name itself would
suggest. The first concept of squeezed states has been introduced already by
Schrödinger in 1926 [145], the name termed later by Glauber [71] in 1963.
Rephrased in modern terms [189, 18] it is referred to states that are obtained
from a certain vacuum state |∅〉 of an infinitely dimensional hilbert space
H∞ through the action of the so-called Heisenberg-Weyl group. The latter
is defined by exponentiating the Lie algebra generated by three operators
a, a†,1 with the following commutation relations
[a, a†] = 1 , [a,1] = [a†,1] = 0 , (2.61)
defined by means of the relation a|∅〉 = 0. Thus, starting from the vacuum
(or reference) state |∅〉 we define the coherent states as follows.
Definition 2.14. (Coherent States). A coherent state |z〉 can be defined
as an eigenstate of the annihilation operator a with eigenvalue z, namely
a|z〉 = z|z〉 , (2.62)
where z is a complex number. It can be obtained from the vacuum state |∅〉,
i.e., the state such that a|∅〉 = 0, through the transformation
|z〉 = exp(za† − z∗a)|∅〉 , (2.63)
that is a transformation belonging to the group generated by the algebra
(2.61).
Now let us briefly list some important properties of the coherent states
just defined. First of all they form an overcomplete basis of the Hilbert
space. In fact the set of projectors onto all coherent states is a resolution of
unity
1
pi
∫
dz1dz2|z〉〈z| = 1 , (2.64)
where z = z1 + iz2. This in particular means that the set of projectors
{|z〉〈z|} can be viewed as a POVM (see definition in the previous chapter).
The coherent states also saturate the Heisenberg uncertainty relation for the
operators (x, p) = (a+a
†√
2
, a−a
†
i
√
2
), namely
(∆x)2(∆p)2 =
|〈[x, p]〉|2
4
=
1
4
, (2.65)
with the additional property that (∆x)2 = (∆p)2 = 12 .
Starting from (2.65) a wider class of states can be defined, namely states
satisfying Eq. (2.65) but such that the two variances might not be equal
between each other. These states are in fact called squeezed, in the sense
that one variance is squeezed as compared to a coherent state.
Definition 2.15. (Squeezed States). A squeezed state |z, η〉 is defined as
the result of applying a squeezing operator
S(η) = exp
(
1
2
η∗a2 − 1
2
η(a†)2
)
(2.66)
to a coherent state |z〉, namely
|z, η〉 = S(η)|z〉 . (2.67)
Squeezed states saturate the Heisenberg uncertainty relation (∆x)2(∆p)2 = 14
and are in general such that (∆x)2 6= (∆p)2.
In analogy with the previous, there can be constructed generalized co-
herent states based on the action of other groups of transformations [129].
In particular we are interested in coherent states constructed with the action
of SU(2) rotations on a finite dimensional Hilbert space, namely the space
of a spin-j particle. In this case the algebra that generates the group is
3-dimensional, the basis (Jz, J+, J−) satisfying the commutation relations
[Jz, J±] = ±J± , [J+, J−] = Jz . (2.68)
We take as reference a state |j, j〉 such that J+|j, j〉 = 0 and define the SU(2)
coherent states by applying to it a Wigner rotation matrix
D(θ, φ) = exp(ζJ+ − ζ∗J−) = exp(ηJ+) exp
[
ln(1 + |η|2)Jz
]
exp(−ηJ+) ,
(2.69)
where ζ = − θ2 exp(−iφ), and η = − tan θ2 exp(−iφ) are complex numbers
bringing the dependence on two angles (θ, φ). Here the analogy of the
role played by J± and previously by the creation annihilation operators
a, a† is clear. Furthermore, operators analogous to (x, p) are defined as
(Jx, Jy) = (
J++J−√
2
,
J+−J†−
i
√
2
) satisfying, together with Jz, the usual spin com-
ponents commutation relations [Ja, Jb] = iεabcJc.
In terms of the spin operators the rotation matrix is the following explicit
function of the angles
D(θ, φ) = exp [iθ(sinφJx − cosφJy)] . (2.70)
Thus we define the SU(2)-coherent states as follows.
Definition 2.16. (SU(2)-coherent states or Coherent Spin States
(CSS)). An SU(2)-coherent state |θ, φ〉 is defined as the result of applying
a rotation matrix D(θ, φ) to the completely z polarized state |j, j〉
|θ, φ〉 = D(θ, φ)|j, j〉 , (2.71)
where D(θ, φ) is given in Eq. (2.69) and the state |j,m〉 is written in terms
of the eigenvalues of the Casimir operator J2x + J2y + J2z = j(j + 1)1 and
Jz|j,m〉 = m|j,m〉. The state |θ, φ〉 is completely polarized along the direc-
tion nˆ0 = (sin θ cosφ, sin θ sinφ, cos θ), i.e., Jnˆ0 |θ, φ〉 = j|θ, φ〉.
They form an overcomplete basis of a spin-j particle Hilbert space, since
2j + 1
4pi
∫
dΩ|θ, φ〉〈θ, φ| = 1 , (2.72)
is a resolution of the identity satisfied by the set of projectors {|θ, φ〉〈θ, φ|}.
They saturate the uncertainty relation
(∆Ja)
2(∆Jb)
2 =
|〈[Ja, Jb]〉|2
4
=
〈Jc〉2
4
, (2.73)
for a certain choice of the axis aˆ, bˆ, cˆ, namely the one such that 〈θ, φ|Jc|θ, φ〉 =
j, i.e., cˆ = nˆ0. They also saturate the SU(2) invariant uncertainty relation
(∆Jx)
2 + (∆Jy)
2 + (∆Jz)
2 = j , (2.74)
independently on the direction of polarization. For j = 12 all the pure states
are CSS and define what is called Bloch sphere, namely a 2-dimensional
sphere in which every pure state can be identified with a point corresponding
to the MSD nˆ0 (see Fig. (2.3)).
Figure 2.3: Picture of a spin-J Bloch sphere and (i) a Coherent Spin State,
completely polarized along a direction nˆ0 with circular uncertainty region
in an orthogonal plane and (ii) a Spin Squeezed State, completely polarized
along mˆ0 with elliptical uncertainty region, squeezed in a direction orthogo-
nal to mˆ0.
As a further analogy we can see that in the limit j →∞ the su(2) alge-
bra becomes completely analogous to the Heisenberg-Weyl’s. This relation
can be made more precise with a mapping from a single bosonic mode oper-
ators (a†, a), to the three spin direction operators. This is called Holstein-
Primakoff transformation [88].
Observation 2.2. (Holstein-Primakoff transformation). Let us consider
the creation/annihilation operators of a single bosonic mode (a†, a) and an
integer number j. Then, the following mapping
J+ :=
√
2j − a†aa ,
J− := a†
√
2j − a†a ,
Jz := j − a†a
(2.75)
defines three operators J+, J−, Jz that obey the su(2) commutation relations
(2.68). Eq. (2.75) is called Holstein-Primakoff transformation and is well
defined whenever a†a ≤ 2j.
Expanding Eq. (2.75) in a sort of Taylor series, whenever a†a can be
considered “small” as compared to j, we have that Jz ' j can be considered
constant and consequently
[J+, J−] ' 2j1 , [J+, Jz] = [J+, Jz] ' 0 , (2.76)
hold in that limit, reproducing the commutation relations of the Heisenberg-
Weyl algebra.
We have defined in close analogy coherent states coming from the Heisenberg-
Weyl and the SU(2) groups. All of these have the property of saturat-
ing a Heisenberg uncertainty relation. However for the purpose of defining
squeezed states based on such uncertainty relation there is one main differ-
ence. In this last case the right-hand side of Eq. (2.73) is not constant, but
depends on the state itself.
In the following we introduce the first definition of spin squeezing pro-
posed and its connection with entanglement and quantum enhanced metrol-
ogy.
2.3.2 Original definition of Spin Squeezed States, metrology
and entanglement
A first definition of spin squeezing was given by Kitagawa and Ueda [98]
considering that |θ, φ〉 is completely polarized along some direction nˆ0. They
defined the parameter
ξ2S =
2 minnˆ⊥(∆Jnˆ⊥)
2
|〈Jnˆ0〉|
=
2 minnˆ⊥(∆Jnˆ⊥)
2
j
, (2.77)
where nˆ⊥ is a direction orthogonal to the mean spin direction nˆ0. Thus,
all pure CSS must satisfy ξ2S = 1 and therefore a state can be defined Spin
Squeezed whenever ξ2S < 1.
Later, the same definition was considered by Wineland et al. [183] and
proved to be connected to an improved sensitivity of the state under rota-
tions. In fact let us consider a state such that the mean spin direction is zˆ
and assume to measure the operator Jx after a rotation of ϕ about the yˆ
axis. We have
J (out)x = exp(iϕJy)Jx exp(−iϕJy) , (2.78)
and from the error propagation formula ∆ϕ = ∆f(ϕ)|∂f(ϕ)/∂ϕ| we can compute the
uncertainty in the estimation as
∆ϕ =
∆J
(out)
x
|∂〈J (out)x 〉/∂ϕ|
=
∆J
(out)
x
| cosϕ〈Jz〉| (2.79)
obtaining ∆ϕ ' ∆Jx|〈Jz〉| for small rotations ϕ ∼ 0, since in that case ∆J
(out)
x ∼
∆Jx. Thus for a CSS we have (∆ϕ)2CSS =
1
2j and therefore Eq. (2.77) can
be expressed as ξ2 = (∆ϕ)
2
(∆ϕ)2CSS
, meaning that a SSS is more sensitive to small
rotations around an axis perpendicular to the mean spin direction than a
CSS. Again, note that a single particle with j = 12 cannot be spin squeezed.
Furthermore, noting that a spin-j particle can be always seen as a collec-
tive symmetric state ofN spin-12 particles, one can extend the same definition
(2.77) to states composed of many spin-12 particles. Thus, considering a spin-
j particle as a symmetric state of N spin-12 particles we define a collective
spin squeezed state based on a parameter reformulated in a slightly more
general way ξ2N =
N minnˆ⊥ (∆Jnˆ⊥ )
2
|〈Jnˆ0 〉|2
, such that the same definition can be used
for all collective states of N qubits, even if not in the symmetric subspace.
In that case the spin quantum number j is not fixed, but we have 0 ≤ j ≤ N2 .
Moreover, as we have seen in the previous section (cf. Eq. 2.55) Sørensen et
al. [151] proved that all separable states of N spin-12 particles must satisfy
ξ2N′ ≥ 1 for a similar parameter ξ2N′ . Therefore with such a definition, the
spin squeezing parameter is an entanglement criterion based on collective
observables. Thus exploiting these connections between Heisenberg uncer-
tainty relations, metrology and entanglement we give the following definition
of Spin Squeezed States, that is valid also for collective states of N spin-12
particles (see also Fig. 2.3 for a picture).
Definition 2.17. (Spin Squeezed States (SSS)). A state ρ is defined as
Spin Squeezed in the x direction through the parameter
ξ2(ρ) =
2jmax(∆Jx)
2
ρ
〈Jy〉2ρ + 〈Jz〉2ρ
, (2.80)
where j is the value of the total spin, jmax = N2 for an ensemble of N spin-
1
2 particles and the mean spin direction is in the zˆ axis. The state ρ is
called Spin Squeezed whenever ξ2(ρ) < 1. It is such that (∆Jx)ρ <
|〈Jz〉ρ|
2 =
j
2 ≤ N4 . The quantity |〈Jz〉ρ|2 is called Standard Quantum Limit. Every Spin
Squeezed state of N spin-12 particles must be entangled and is more sensitive
to rotations around the yˆ axis with respect to a CSS.
From the Heisenberg uncertainty relation (2.73) we can see that the max-
imal possible degree of spin squeezing achievable in a completely polarized
state |〈Jz〉| = jmax is ξ2(ρ) ≥ 12jmax → 0 in the limit j → ∞, as in the case
of bosonic squeezing.
Thus, SSS are entangled states that can be used to enhance the estima-
tion of a phase ϕ acquired in an unitary dynamics
ρϕ = exp(−iHϕ)ρ exp(iHϕ) , (2.81)
in which H = Jy and one constructs an estimator ϕˆ based on measure-
ments of Jx. Speaking more generally, there exists a fundamental bound on
the accuracy (∆ϕ)−2 achievable in an estimation of ϕ based on an unitary
evolution (2.81). It is called Cramér-Rao bound (see e.g., [67, 158]).
Theorem 2.3.1. (Cramér-Rao bound and Quantum Fisher Information)
The precision achievable for the estimation of a parameter ϕ governing a
unitary dymanics (2.81) is bounded by
(∆ϕ)−2 ≤ mFQ[ρ,H] , (2.82)
where m is the number of repetitions of the experiment and
FQ[ρ,H] = Tr(ρϕL
2
ϕ) , (2.83)
with Lϕ defined by 2∂ϕρϕ = ρϕLϕ + Lϕρϕ is called Quantum Fisher Infor-
mation. The QFI is a convex function that for pure states is proportional to
the variance of the generator H of the dynamics FQ[|ψ〉〈ψ|, H] = 4(∆H)2|ψ〉.
For general mixed states it assumes the form
FQ[ρ,H] = 2
∑
k,l
(λk − λl)2
λk + λl
|〈k|H|l〉|2 with ρ =
∑
k
λk|k〉〈k| (2.84)
and can be proved to be the convex roof of (∆H)2 [163]. Moreover there exists
always an optimal measurement such that the bound (2.82) can be reached.
As a result then, Eq. (2.82) provides the ultimate bound on the precision
achievable in measuring the phase ϕ obtained after a rotation generated by
Jy, no matter which measurement we perform. In particular, measuring Jx
in an ensemble of N qubits we have seen that the accuracy is related to spin
squeezing as (∆ϕ)2 = ξ
2
N . The value of the denominator (∆ϕ)
2
CSS =
1
N , that
is the precision achievable with a CSS of N qubits, is usually called shot-
noise limit. On the other hand, the maximal possible precision scales as
(∆ϕ)2Heis =
1
N2
and is called Heisenberg limit, corresponding to the maximal
possible degree of squeezing, namely ξ2 = 1N . Thus we have that the relation
ξ2 ≥ N
FQ[ρ, Jy]
(2.85)
holds between spin squeezing and the optimal precision achievable in esti-
mating ϕ. To conclude it is also interesting to mention that the inequality
χ2 :=
FQ[ρ, Jy]
N
≤ k (2.86)
holds for all k-producible states, whenever N is divisible by k. In particular
then the relation χ2 < 1, i.e., in a sense the metrological usefulness of the
state itself provides an entanglement criterion more stringent than ξ2 < 1,
although more difficult to verify.
2.3.3 Generation of Spin Squeezed States
Here let us briefly review what are the possibilities to generate a SSS from
a CSS deterministically with a unitary evolution (see [119] for a review).
Picturing it in the Bloch sphere this operation corresponds to “squeeze” the
uncertainty region of the state along a certain direction orthogonal to nˆ0
at expenses of increasing it in the third remaining direction (see Fig. 2.3)
resulting in an uncertainty region with elliptical shape. This is due to the
constraint imposed by the Heisenberg uncertainty relations (2.73).
This task has some analogies with producing a squeezed bosonic state
from a coherent one, that is done as in Eq. (2.67) by employing the operator
S(η) (2.66), i.e., an evolution S = exp(−iHt) with the following Hamiltonian
H = i(g(a†)2 − g∗a2) , (2.87)
where the coupling g is related to η through η = −2|g|t. In fact the original
proposal [98] was to generate spin squeezing in a direction xˆ by a relatively
simple evolution, governed by the so-called one-axis twisting Hamiltonian
H1 = χJ
2
x , (2.88)
which is quadratic in the spin operator. Thus, through Eq. (2.88), a state
initially zˆ-polarized |Φ〉 = |j, j〉z evolves as
|Φ〉(t) = exp(−iθJ2x)|j, j〉z , (2.89)
with θ = χt. It has been shown, then, that in the case j  1 and for
|θ|  1 the spin squeezing parameter scales as ξ2 ∼ j−2/3, and therefore the
state becomes spin squeezed. An improvement over H1 can be obtained by
adding an external control field B in the polarization direction [107], so that
the Hamiltonian becomes
H1,field = χJ
2
x +BJz . (2.90)
It has been numerically shown that evolving a CSS with H1,field leads to spin
squeezing during a wider time interval as compared to θ. Apart from this
simple one-axis twisting Hamiltonian, the maximal degree of spin squeezing
ξ2 = 1N can be in principle generated with a two-axis twisting Hamiltonian
[98]
H2 = −iχ
2
(J2+ − J2−) , (2.91)
that is completely analogous to (2.87). These Hamiltonians, especially (2.90)
can be practically employed in different experimental setups, mainly consist-
ing of ensembles of very many cold atoms manipulated through interactions
with light fields (see [119] and references therein).
Spin Squeezing through Quantum Non Demolition measurements.
In systems consisting of atomic clouds, also a different technique can be used
to generate spin squeezing: performing Quantum Non-Demolition Measure-
ments of the atomic collective spin through probes with polarized light fields.
This method differs substantially due to the fact that here spin squeezing
is not produced deterministically through a unitary evolution, but it is ob-
tained, still starting from a CSS, through a probabilistic quantum operation.
Therefore the resulting spin squeezing depends on random outcomes of mea-
surements of the light field polarization. Because of this the result of this op-
eration is sometimes called conditional spin squeezing. Here we shall review
briefly what is the theoretical idea behind this method (see e.g., [102, 119]),
also because it allows us to understand the main features of QND measure-
ments, that we will see also in following chapters, thought in the different
context of Legget-Garg-like tests. More theoretical details about QND mea-
surements, especially in the context of atomic ensemble system are given in
Appendix A. Now let us just mention few important properties of an ideal
QND measurement, that basically consists in measuring indirectly a certain
observable O of a system, by transferring the information to a meter observ-
ableM and without perturbing its value. A QND measurement is performed
through a Hamiltonian interaction HI between the target observable O (e.g.,
collective spin component Jz of the atoms) and a meter M (e.g., the po-
larization Sy of pulses of light fields) such that: (i) the value of O remains
constant of motion during the evolution, i.e., [HI, O] = 0; (ii) the value of
M is perturbed in relation to the information acquired about the value of
O, and in particular [HI,M ] 6= 0.
In particular, in the cases that we are considering, the simplest QND
interaction is
HI = gSzJz , (2.92)
where Jz is the collective spin component of the atoms (i.e., the system),
Sz =
a†LaL−a†RaR
2 is a Stokes component of the light field and the meter
observable is Sy =
a†LaR−a†RaL
2i (that in fact does not commute with HI). In
order to show how spin squeezing is generated in this case let us consider
an initial state in which both the light and the atoms are in a collective
xˆ-polarized CSS, namely
|Φ(0)〉 = |S, Sx〉x|J, Jx〉x , (2.93)
where S and J are the integer numbers such that S2x + S2y + S2z = S(S + 1)
and J2x + J2y + J2z = J(J + 1) respectively. This initial state can be also
conveniently expressed as a product joint probability distribution for the
atomic and light states, given by the expansion coefficients of |J, Jx〉x in the
|J, Jz〉z basis
PJ(Jz) :=
∣∣∣∣〈J, Jz|J, Jx〉x∣∣∣∣2 = 12NA
(
NA
NA
2 + Jz
)
NA→∞' 1√
piNA/2
exp
(
−2J
2
z
NA
)
,
(2.94)
and |S, Sx〉x in the |S, Sy〉y basis
PS(Sy) :=
∣∣∣∣〈S, Sy|S, Sx〉x∣∣∣∣2 = 12NL
(
NL
NL
2 + Sy
)
NL→∞' 1√
piNL/2
exp
(
−2S
2
y
NL
)
,
(2.95)
where NA and NL are respectively the number of atoms in the ensemble and
photons in each probe and are assumed to be very large. In fact, the state
(2.93) can be expressed as
|Φ(0)〉 =
J∑
Jz=−J
S∑
Sy=−S
√
PJ(Jz)PS(Sy)|S, Sy〉y|J, Jz〉z , (2.96)
and the fact that it is a CSS is translated in having binomial probability dis-
tributions PJ(Jz)PS(Sy), that become gaussian for large number of particles.
After turning on the interaction for a small time τ , the operator Sy has
evolved to (at first order in κ = gτ)
Sy(τ) = Sy(0) + κJz(0)Sx(0) , (2.97)
which means that the average value is shifted to
〈Sy(τ)〉 = 〈Sy(0)〉+ κ〈Jz(0)Sx(0)〉 = κS〈Jz(0)〉 , (2.98)
and the conditional probability Pr(|S, Sy〉y|Jz = J (out)z ) of obtaining the
output state |S, Sy〉y after measuring Jz and obtaining J (out)z is
Pr(|S, Sy〉y|Jz = J (out)z ) =
1√
piNL/2
exp
(
−2(Sy − κSJ
(out)
z )2
NL
)
, (2.99)
i.e., it has an average shifted by a quantity µSy = κSJ
(out)
z . Correspondingly,
due to Bayes theorem, we can obtain the conditional probability for the
output atomic state
Pr(|S, Sy〉y|Jz = J (out)z )PJ(J (out)z ) = Pr(|J, Jz〉z|Sy = S(out)y )PS(S(out)y ) ,
(2.100)
that results to
Pr(|J, Jz〉z|Sy = S(out)y ) =
1√
piξ2NA/2
exp
(
−2(Jz − κξ
2JS
(out)
y )2
ξ2NA
)
,
(2.101)
with ξ2 = 1
1+ζ2
being the spin squeezing parameter and ζ2 = SJκ2. Thus
the output state will be spin squeezed whenever ζ2 > 0, i.e., basically there
is interaction for a certain non-zero time τ . Note that the value of ξ2 is
given deterministically, i.e., independently on the outcome S(out)y , while on
the other hand the average 〈Jz〉 has been shifted by a quantity proportional
to the outcome. Then, in order to obtain back the original state with one
squeezed variance it is needed a feedback scheme that restores 〈Jz〉 = 0 and
puts back the mean spin into its initial direction.
Spin squeezing produced with this technique has been recently achieved
experimentally [106, 5, 96, 104, 103, 115]. Finally, before concluding this
chapter it is worth to mention that squeezing can be also transferred from
light to atoms, i.e., from quadrature squeezing of the light (x, p) operators to
spin squeezing of the collective (Jx, Jy) operators. This idea is also intriguing
for a quantum information perspective because it allows to think about pro-
tocols that transfer information from light to atomic ensembles and store it
in the latter systems, that thus would function as quantum memories, while
the former being information carriers.

Chapter 3
Generalized Spin Squeezing
In the previous chapter we have introduced the concept of Spin Squeezed
states, first as opposite to coherent su(2) states in a single particle framework
and then extended to a general multiparticle setting. In that last case, Spin
Squeezing has been shown to be connected with both entanglement and
potential technological developments. Here, in the course of the chapter, we
shall extend further this definition in several directions, in a way especially
oriented to explore deeper the connections with entanglement.
It will be our first main original work contained in this thesis. First, also
to motivate it further, let us observe that in the case of su(2) other definition
of squeezed states can be given when more than a single spin component has
a squeezed variance.
Generalized Spin Squeezing: Planar Squeezed and Singlet states.
Loosely speaking a Spin Squeezed state as we defined it in the previous chap-
ter can be pictured in a spin-j Bloch sphere as a state completely polarized
in a mˆ0 direction and occupying a region of uncertainty which has a shape
that is squeezed in an orthogonal direction. In Fig. 2.3 it has been depicted
in an ideal case of an eigenstate of Jm0 , while in Fig. 3.1 it is depicted in
a more realistic situation in which one variance is squeezed, while the other
two are increased with respect to a CSS due to the Heisenberg uncertainty
principle.
Very naively, then, a Spin Squeezed State can be thought as a quantum-
enhanced clock arm which can resolve a phase accumulated during a rotation
about the zˆ direction (setting the axes as in Fig. 3.1) more accurately than a
“classical” one, which occupies a spherical region of uncertainty in the Bloch
sphere (see ρCSS in Fig. 3.1).
This picture has some analogies with the quadrature squeezing of bosonic
modes, and in fact reduces to it in the j →∞ limit in some sense. However,
while in the bosonic case the squeezing of the variance of a quadrature is
reflected in a back-action on the conjugate one independently of other quan-
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Figure 3.1: Some examples of generalized spin squeezed states depicted in
a spin-J Bloch sphere. (i) ρCSS is a mixed state completely polarized and
close to a CSS, that has three variances of the order of (∆Jk)2 ' J2 , (ii)
ρSSS is completely polarized |〈Jy〉| ' J and has a single squeezed variance,
(iii) ρPlanar, a planar squeezed state, almost completely polarized and has two
squeezed variances, (iv) ρSinglet, a macroscopic singlet state, with all three
variances below a SQL, and (v) the unpolarized Dicke state ρDicke, with a
tiny planar uncertainty region (∆Jz)2 ' 0 and (∆Jx)2 = (∆Jy)2 ' J2.
tities, here the back-action on (∆Jz) due to the squeezing of (∆Jx) depends
on the average polarization in the yˆ direction |〈Jy〉|. In other words, the Stan-
dard Quantum Limit (SQL) on the squeezing of one variance with respect
to another, depends on the average polarization in the direction orthogonal
to their plane. On the other hand, we can try to provide a definition of SQL
that is independent of the state and in particular of its polarization.
In this sense it can be worth to consider a different uncertainty relation as
a figure of merit to define squeezing in two directions, namely a constraint
on the sum of the two variances, that cannot be zero whenever the two
observables are incompatible. This was precisely the approach followed by
He et al. in [84] in defining planar squeezing. They studied a single spin-j
particle uncertainty relation and found that
(∆Jx) + (∆Jy) ≥ Cj , (3.1)
where the constant on the right hand side depends on j and scales as Cj ∼ j 23
for j  1.
They also studied the states that saturate the inequality and defined
them as planar squeezed states. They verified that the so-defined planar
squeezed states are almost completely polarized in the plane of squeezing for
j  1, i.e., they satisfy 〈Jx〉2 + 〈Jy〉2 ∼ j2, and therefore a natural choice of
Standard Quantum Limit as (∆Jk)2SQL =
√
〈Jx〉2+〈Jy〉2
2 immediately follows.
This choice can also be justified further again by the fact that it is related
to the precision achievable in the measurement of a phase accumulated in a
unitary rotation around the zˆ direction.
In fact, He et al. also noted that actually Eq. (2.79), namely the uncer-
tainty in a unitary phase estimation process is given by
∆ϕ =
∆J
(out)
x
|∂〈J (out)x 〉/∂ϕ|
=
√
(∆J
(in)
x )2 cos2 ϕ+ (∆J
(in)
y )2 sin
2 ϕ
|〈J (in)y 〉 cosϕ− 〈J (in)x 〉 sinϕ|
(3.2)
for a general phase ϕ and for a unitary dynamics given by U(ϕ) = exp(−iϕJz).
Thus, especially away from ϕ ∼ 0 the estimation can be made more precise
using input states ρ that minimize a parameter like ζ2P(ρ) =
(∆Jx)2ρ+(∆Jy)
2
ρ√
〈Jx〉2ρ+〈Jy〉2ρ
,
thought as a comparison between the input state and a CSS completely po-
larized in the plane of squeezing. Then, motivated also by this usefulness,
they defined planar squeezed states already for the general multiparticle sce-
nario.
Definition 3.1. (Planar Squeezed States (PSS)). A state ρ is defined
as Planar Squeezed in the x and y directions through the parameter
ξ2P(ρ) =
jmax
(
(∆Jx)
2
ρ + (∆Jy)
2
ρ
)
〈Jx〉2ρ + 〈Jy〉2ρ
, (3.3)
where jmax = Nj for an ensemble of N spin-j particles. The state ρ is called
Planar Squeezed whenever ξ2P(ρ) < 1 holds together with
2jmax(∆Jx)2ρ
〈Jx〉2ρ+〈Jy〉2ρ < 1 and
2jmax(∆Jy)2ρ
〈Jx〉2ρ+〈Jy〉2ρ < 1. The SQL is then chosen to be (∆Jk)
2
SQL =
〈Jx〉2ρ+〈Jy〉2ρ
2jmax
for
a single variance and [(∆Jx)2 + (∆Jy)2]SQL =
〈Jx〉2ρ+〈Jy〉2ρ
jmax
for the pair of
variances, and the state must surpass this limit in both two variances. The
optimal PSS, i.e., states that minimise ξ2P are such that 〈Jx〉2 + 〈Jy〉2 ∼ j2max
and (∆Jx)2 + (∆Jy)2 ∼ j
2
3
max for jmax  1.
Here we have provided directly a definition of planar squeezing that holds
also for states of N spin-j particles and is a figure of merit for the usefulness
of the state in a specific metrological task. In the Bloch sphere picture
planar squeezed states are almost completely polarized in a certain direction
mˆ0 and have a cigar-shaped uncertainty region, that is tiny in the (mˆ0, nˆ0)
directions and large in the remaining orthogonal one (see ρPlanar in Fig. 3.1).
As compared to original spin squeezed states they have two variances that
scale as (∆Jx)2 ∼ (∆Jy)2 ∝ j
2
3
max, while the spin squeezed states are such
that both variances scale as (∆Jx)2 ∼ (∆Jy)2 ∝ jmax, even if one of them
(∆Jx)
2 = ξ
2
2 jmax might be squeezed as compared to the other (∆Jy)
2 = jmax
2ξ2
by a factor of (ξ2)2.
However with this definition there is no clear relation between planar
squeezing of multiparticle states and their entanglement. An entanglement
criterion related to planar squeezing has then been provided in the same
work of He et al. [84] and is another important example of entanglement
criterion with collective observables based on LURs
Observation 3.1. (Planar squeezing entanglement criterion). For every
separable state ρsep of N spin-j particles
(∆Jx)
2
ρsep + (∆Jy)
2
ρsep ≥ NCj , (3.4)
must hold where Cj is the constant bound of the LUR
(∆jx)
2 + (∆jy)
2 ≥ Cj , (3.5)
and can be computed numerically for single spin-j particle states. Every state
ρ such that (∆Jx)2ρ + (∆Jy)2ρ < NCj must be entangled.
Since planar squeezed states are such that for large N  1 they satisfy
(∆Jx)
2
ρ+(∆Jy)
2
ρ ∼ (Nj)
2
3 they can be detected as entangled by the violation
of Eq. (3.4). On the other hand, the relation between planar squeezing
and entanglement is not clarified, since the two parameters ξ2P and ξ
2
P,ent :=
(∆Jx)2ρ+(∆Jy)
2
ρ
NCj
do not coincide. For example in the case of multiqubit systems,
since C 1
2
= 14 , we have that ξ
2
P <
1
2 is a signal of entanglement coming from
Eq. (3.4), that is then an additional stronger requirement with respect to just
planar squeezing, signalled by simply ξ2P < 1. Moreover, the criterion (3.4)
itself is not tied to detecting planar squeezed states, since it is maximally
violated by the so called singlet states, i.e., states such that (∆Jn)2 = 0 in all
directions nˆ. In Fig. 3.1 the ideal singlet corresponds to the origin of axes,
while ρsinglet represents a noisy state close to the singlet. These last actually
can be thought as three variance spin squeezed states.
To go one step further in fact, one can think to define states with all
the three spin variances below a certain SQL and thus define three variance
SSS. However in this case again there is a problem in defining the SQL,
enhanced by the fact that the LUR (∆Jx)2 + (∆Jy)2 + (∆Jz)2 ≥ j cannot
be violated and is saturated by every pure single spin-j state. Thus, at least
for single particle states such definition cannot be given, since all pure states
would be three-variance CSS. This problem can be solved in the multipartite
setting, exploiting the fact that entangled states can violate the inequality
(∆Jx)
2 + (∆Jy)
2 + (∆Jz)
2 ≥ Nj [156] (see Th. (2.2.5)).
Thus one can define a SQL for three collective variances of a system of N
spin-j particles as [(∆Jx)2 +(∆Jy)2 +(∆Jz)2]SQL = Nj and correspondingly
a spin squeezing parameter
ξ2T,ent :=
(∆Jx)
2
ρ + (∆Jy)
2
ρ + (∆Jz)
2
ρ
Nj
, (3.6)
that detects states close to macroscopic singlet states and proves their entan-
glement. The parameter (3.6) has been introduced in [162] and the detected
states, that in the Bloch sphere picture would correspond to a single point
in the center with a small spherical uncertainty region, have been proposed
as useful resources for gradient magnetometry [164] (see also Fig. 3.1).
Thus, we have seen that other definitions of spin squeezing can be thought
and that they can provide figures of merit for quantum metrology and for
entanglement detection, although possibly not related to each other. The
states detected by those different parameters can still be produced relatively
easily in many experimental settings, cold and ultra cold atomic ensembles
among others, and can be exploited for technological purposes. Furthermore,
from the point of view of entanglement detection, such states can be easily
proven to be entangled with criteria involving just few collective measurable
quantities.
However, there is also an ambiguity in these definition of squeezing with
respect to entanglement. The definitions are in fact given in the single par-
ticle setting and then straightforwardly extended to multipartite systems.
Then, it is clear that the same state with spin quantum number J can be
interpreted in many different ways: it can be seen as a single spin-J particle,
or as a system of 2J spin-12 particles in a symmetric states and so on. The
spin squeezing parameters cannot distinguish very well the different inter-
pretations and the same state can be thought as an entangled state of 2J
qubits or as an unentangled single particle state. The only exception to this
ambiguity is the parameter (3.6), that is meaningful only for multipartite
systems.
In the following we are going to focus deeper into this issue and develop
some definitions of spin squeezing that, as Eq. (3.6), are intrinsecally related
to interparticle entanglement in systems of general spin-j particles.
3.1 Optimal spin squeezing inequalities for entan-
glement detection
3.1.1 A complete set of spin squeezing inequalities
As we have seen, from the point of view of entanglement detection SSS can
be seen as forming a set of detectable entangled states that can be actually
produced and are interesting for technologically oriented purposes. These
are basically entangled states of N particles that can be detected through
the measurement of just collective spin averages 〈Jk〉 and variances (∆Jk)2.
On the other hand, in this sense one can look for generalization of SSS
in many directions. A natural question that arises in this context is then:
given as measured data only the set of three first 〈 ~J〉 = (〈Jx〉, 〈Jy〉, 〈Jz〉)
and second moments 〈 ~K〉 = (〈J2x〉, 〈J2y 〉, 〈J2z 〉), what is the maximal set of
entangled states that can be detected? This question has been answered by
Tóth et al. [160, 161] by finding a closed set of few inequalities that detect all
entangled states that can be detected based on (〈 ~J〉, 〈 ~K〉). As we are going
to see, these inequalities can be viewed as generalization of the original spin
squeezing parameter in several respects.
Observation 3.2. (Complete set of Spin Squeezing Inequalities). The fol-
lowing set of inequalities
〈J2x〉+ 〈J2x〉+ 〈J2x〉 ≤
N(N + 2)
4
, (3.7a)
(∆Jx)
2 + (∆Jy)
2 + (∆Jz)
2 ≥ N
2
, (3.7b)
〈J2k 〉+ 〈J2l 〉 −
N
2
≤ (N − 1)(∆Jm)2 , (3.7c)
(N − 1) [(∆Jk)2 + (∆Jl)2] ≥ 〈J2m〉+ N(N − 2)4 , (3.7d)
where k, l,m are three arbitrary orthogonal directions must hold for all sep-
arable states of N spin-12 particles.
Moreover the set (3.7) is complete, in the sense that in the large N limit
it detects all possible entangled states, based on the vectors of first 〈 ~J〉 =
(〈Jx〉, 〈Jy〉, 〈Jz〉) and second moments 〈 ~K〉 = (〈J2x〉, 〈J2y 〉, 〈J2z 〉).
We will give the proof later, by proving a generalization of Eq. (3.7) to
ensembles of spin-j particles and its completeness in the same sense. Here
let us just note that every CSS saturates all the inequalities in the set (3.7).
In fact CSS states are completely polarized in a certain direction, say 〈 ~J〉 =
(N2 , 0, 0), while having 〈 ~K〉 = (N
2
4 ,
N
4 ,
N
4 ). Thus, in some sense the violation
of any of Eqs. (3.7) defines a set of states analogous to SSS, since they will
have some variances (∆Jk)2 that are squeezed as compared to CSS. Let us
look explicitly at some example states detected by such generalized spin
squeezing inequalities.
Example 3.1. (Original Spin Squeezed States). As we will recall also later,
one inequality in the set, namely Eq. (3.7c) detects all the states detected
by the spin squeezing parameter (2.80). In fact states ρ of a large number
of particles N  1 such that ξ2(ρ) < 1 also violate Eq. (3.7c).
An other important class of states that are spin squeezed according to
(3.7) are symmetric Dicke states
Example 3.2. (Symmetric Dicke States). Eq. (3.7b) is maximally violated
by the unpolarized symmetric Dicke state. This is a permutationally sym-
metric eigenstate of Jz such that 〈 ~J〉 = 0 and 〈 ~K〉 = (N(N+2)8 , N(N+2)8 , 0). It
belongs to the class of symmetric Dicke states defined as
|D(m)N 〉z =
(
N
m
)− 1
2 ∑
k
Pk(|1/2〉⊗mz | − 1/2〉⊗N−mz ) , (3.8)
where the sum is over all the possible permutations of the particles such
that m of them have jz = 12 and N −m have jz = −12 . The state |D
(m)
N 〉z is
an eigenstate of Jz with eigenvalue 〈Jz〉 = −N2 +m. The unpolarised Dicke
state is obtained form = N2 and can reach the Heisenberg limit (∆θ)
−2 ∼ N2
in some parameter estimation task, similarly as optimal SSS and the GHZ
state. All of them, except for the two extremal cases m = 0 and m = N
which are product states, are truly N -partite entangled.
Symmetric states close to |D(
N
2
)
N 〉 have been produced among other sys-
tems in Bose-Einstein condensates [117, 116]. In the Bloch sphere picture
they correspond to the (xˆ, yˆ) circular section in the equator: the width due
to uncertainty in the zˆ direction is vey small, while it is very big in the two
orthogonal directions (see ρDicke in Fig. 3.1).
Example 3.3. (Macroscopic Singlet States). Eq. (3.7b) is maximally vio-
lated by macroscopic singlet states. These are the states for which 〈 ~J〉 =
〈 ~K〉 = 0 and thus minimise the left hand side of Eq. (3.7b). Macroscopic sin-
glet states ρSinglet are invariant under collective rotations, i.e., e−iJnθρSingleteiJnθ =
ρSinglet for all directions nˆ, and such that (∆Jn)2 = 0 in all directions nˆ. They
have been proposed as useful metrological resources for gradient magnetom-
etry.
Macroscopic singlet states can be obtained as ground states of spin chains,
as well as in atomic ensembles, e.g., through QND measurements [162].
Example 3.4. (Planar Squeezed States). Planar Squeezed States, as defined
by (3.3) are also detected as entangled by one inequality in the set, namely
Eq. (3.7d).
PSS can be realized experimentally in cold [137] and ultra cold atomic
ensembles [84].
Thus, in analogy with the original spin squeezing parameter, for each
inequality of (3.7) we can define a Standard Quantum Limit and a corre-
sponding generalized spin squeezing parameter. Also here there is a problem
in the definition of the SQL, that is not univocal and can be arbitrarily
rescaled. We put here some convenient choices, that also assure that the
defined parameters are positive.
In particular, apart from Eq. (3.7a) that cannot be violated by any quan-
tum state, we can define
ξ2singlet :=
(∆Jx)
2 + (∆Jy)
2 + (∆Jz)
2
N
2
, (3.9a)
ξ2Dicke :=
(N − 1)(∆Jm)2
〈J2k 〉+ 〈J2l 〉 − N2
, (3.9b)
ξ2planar := (N − 1)
[
(∆Jk)
2 + (∆Jl)
2 − N4
]
〈J2m〉 − N4
, (3.9c)
for collective systems ofN spin-12 particles. Each of Eqs. (3.9) is a generalized
spin squeezing parameter, such that ξ2 < 1 is a proof of entanglement.
In particular ξ2singlet < 1 detects states close to macroscopic singlets, while
ξ2Dicke < 1 detects the original SSS plus states close to symmetric Dicke
states. The third parameter ξ2planar also detects the singlet, although less
efficiently than ξ2singlet, but detects also planar squeezed states, i.e., states
with a small value of the sum of two variances and a big value of the second
moment in the orthogonal direction.
Thus, from an entanglement detection point of view, the set of parame-
ters (3.9) represent an improvement over the original ξ2, since even one single
parameter in the set detects a strictly wider class of states. Furthermore, it
introduces new classes of states, such as Dicke states and in general unpolar-
ized states as spin squeezed. We will later see in more details what are the
advantages and the problems of (3.9) and try to provide a single definition
that embraces all the parameters in the set.
3.1.2 Extreme spin squeezing
An other natural question that arises concerning spin squeezing and in
particular its importance for phase estimation protocols, is how to iden-
tify easily the SSS that reach the Heisenberg limit in the precision. These
are in a sense the most squeezed spin states, since they have to minimize
(∆φ)2 = ξ
2
N =
(∆Jx)2
〈Jz〉2 . Ideally, in fact an optimal SSS would have the mini-
mal possible variance (∆Jx)2min, given the fact that it is completely polarized
in the zˆ direction, i.e., 〈Jz〉 = N2 . Interestingly it turns out that such optimal
SSS are also N entangled (or genuinely N partite entangled), i.e., they have
the highest possible depth of entanglement.
On the other hand, an independent question that can be asked from the
point of view of entanglement detection oriented study of spin squeezing is
whether it is possible to distinguish higher form of multipartite entanglement
with spin squeezing inequalities. In a seminal paper [152], Sørensen-Mølmer
solved both problems at the same time, developing a method that, looking
at optimal SSS, provides a family of inequalities that detect the depth of
entanglement, i.e., optimal criteria for k-producibility. The states detected
with this method have been termed extreme spin squeezed, because they are
exactly the states that minimise ξ2 for each fixed value of the polarization
〈Jz〉. Formally, the basic idea consists in first defining the functions
FJ(X) =
1
J
min
1
J
〈jz〉=X
(∆jx)
2 , (3.10)
where J is the spin quantum number and evaluating it numerically for any
value of J . Note that FJ(1) gives the minimal value of ξ2 for a single spin-J
particle. Then, based on Eq. (3.10) a family of k-producibility criteria can
be derived as in the following theorem.
Theorem 3.1.1. (Extreme Spin Squeezing inequalities). The following fam-
ily of inequalities
(∆Jx)
2 ≥ NjFkj
(〈Jz〉
Nj
)
, (3.11)
holds for all k producible states of N spin-j particles, Jl =
∑N
n=1 j
(n)
l being
the collective spin components of the ensemble. The set of functions Fkj(·)
in Eq. (3.11) is defined as in Eq. (3.10), with the identification J = kj, i.e.,
Fkj(X) =
1
kj
min
1
kj
〈Lz〉=X
(∆Lx)
2 , (3.12)
where Ll are the spin components of a single particle with spin J = kj.
These functions have the following properties: (i) FJ(X) are convex and
monotonically increasing for all J and so are FJ(
√
X), (ii) they are such
that FJ(0) = 0 for all J , (iii) FJ1(X) ≤ FJ2(X) holds for J1 ≥ J2.
Every state ρ of N spin-j particles that violates Eq. (3.11) must be (k+1)-
entangled.
Proof. Let us consider a k-producible state
ρk−prod =
∑
i
piρ
(1)
i ⊗ · · · ⊗ ρ(n)i , (3.13)
where the ρ(1)i are states of at most k particles and thus n ≥ Nk . Since the
variance is a concave function of density matrices and is additive on product
states we have
(∆Jx)
2 ≥
∑
i
pi
[
(∆L(1)x )
2
ρ
(1)
i
+ · · ·+ (∆L(n)x )2ρ(n)i
]
, (3.14)
where we introduced L(n)m =
∑kn
l=1 j
(kn)
x as the mˆ spin components of a kn
particle subsystem. Note that the states ρ(n)i are such that kn ≤ k and that∑
n kn = N . By employing the definition (3.12) we have
(∆Jx)
2 ≥
∑
i
pi
∑
n
knjFknj
(
〈L(n)z 〉i
knj
)
, (3.15)
and by using the property (iii) of FJ(X) and the fact that kn ≤ k
(∆Jx)
2 ≥
∑
i
pi
∑
n
knjFkj
(
〈L(n)z 〉i
knj
)
. (3.16)
Then, by using property (i) of FJ(X) (i.e., its convexity) and applying Jensen
inequality in the form
∑
n anf(xn) ≥
∑
l al · f
(∑
n anxn∑
l al
)
with an = knj and
xn =
〈L(n)z 〉i
knj
we have for the right hand side of Eq. (3.16)
∑
i
pi
∑
n
knjFkj
(
〈L(n)z 〉i
knj
)
≥
∑
i
piNjFkj
(
1
Nj
∑
n
knj
〈L(n)z 〉i
knj
)
=
∑
i
piNjFkj
(〈Jz〉i
Nj
)
,
(3.17)
where we used that
∑
n knj = Nj and
∑
n〈L(n)z 〉i = 〈Jz〉i. Finally, by
applying again Jensen inequality with ai = pi and xi =
〈Jz〉i
Nj the statement
follows.
The proof that we have just given is similar to the original proof done by
Sørensen-Mølmer [152], but is also inspired by the proof given by Hyllus et al.
in [92] concerning some aspects that were missing in the original proof itself.
Moreover, strictly speaking the properties (i-iii) of FJ(X) are not formally
proven, but can be explicitly seen by evaluating the functions numerically
for different values of J .
With this theorem, Sørensen-Mølmer also introduced the depth of entan-
glement as a figure of merit from the point of view of metrological usefulness
of SSS. In fact from the measurement of (∆Jx)2 and 〈Jz〉 the depth of en-
tanglement can be inferred, certifying hierarchically how close the state is
to an optimal SSS. These extreme spin squeezed states can be obtained as
ground states of the hamiltonian
H = J2x + µJz , (3.18)
where the parameter µ 6= 0 can be also thought as a Lagrange multiplier
that can be scanned in order to solve the optimization problem Eq. (3.11)
leading to FJ(X).
In fact, it can be shown that the functions FJ(X) needed to evaluate
the criteria can be evaluated numerically by looking at ground states of the
hamiltonian in Eq. (3.18) for different values of the parameter µ in a single
spin-J particle space and evaluating ((∆Jx)2, 〈Jz〉) = (FJ(X), X) on such
states. By scanning over a wide range of µ and eventually compute the
convex roof, one then obtains the continuous convex function FJ(X). Note
that the dimension of the space in which the numerical optimization has to be
carried out is d = 2J + 1 = k+ 1, that scales linearly with the entanglement
depth. A brute force optimization of (∆Jx)2 on k-producible states would
have had to be performed on a roughly ∼ 2k dimensional space instead and
would have been hopeless for already k ∼ 10. On the other hand, Eq. (3.11)
can be evaluated easily for k of the order of several hundreds and provides
a tight criterion, in the sense that the boundary on the right hand side is
reached by k producible states.
Finally note also that in the two limits µ→ 0 and µ→ ±∞ the ground
state of (3.18) for k particle collective spin operators is a symmetric Dicke
state |D(
N
2
)
N 〉x and a completely polarized state |J,∓J〉z respectively.
3.2 Generalized Spin Squeezing and entanglement
for multi spin-j systems
The idea of our work [173, 171] on entanglement detection-oriented spin
squeezing inequalities has been to try to generalize the framework to systems
composed of spin-j particles, starting from the well established results of
Tóth et al., Eqs. (3.7) on spin-12 particle systems. The goal was to derive a
small, closed set of spin squeezing inequalities valid for composite systems
of spin-j particles, with the same completeness properties of Eqs. (3.7).
In particular, in this way we provide a complete construction that gen-
eralizes and extends the concept of spin squeezing to composite systems of
higher spin particles and to a wider class of states, including e.g., Dicke
states, singlet states and general unpolarized states.
This construction and the spin squeezing parameters so defined can be
measured in present and future experiments involving, e.g., higher spin
atomic systems in which entangled states are aimed to be produced for tech-
nological purposes, like quantum enhanced metrology, quantum computation
and general quantum information tasks. In fact these ideas have been al-
ready applied to some recent experiments in photons, cold atomic ensembles
and Bose-Einstein condensates.
This idea can be pursued in a two fold way: one can either derive a full
set of generalized SSIs directly as entanglement criteria coming from variance
based single particle Local Uncertainty Relations, or one can find a mapping
from SSIs that are valid for multipartite spin-12 systems to analogous SSIs
valid for multipartite spin-j systems for a general value of j. We will see that
both methods lead to the same complete set of inequalities and in a sense
give complementary insights on the nature of the constraints used to derive
them.
3.2.1 A complete set of multipartite SSIs for arbitrary spin
First of all let us observe how the complete set of SSIs comes from a vari-
ance based LUR and that this relation can lead to more general results. The
following observations thus, not only prove Eqs. (3.7) being entanglement
criteria and forming a complete set, but also extend the same results to mul-
tipartite spin-j systems. They also show explicitly the connections between
spin squeezing inequalities, single particle LURs and the set of generalized
coherent states.
Observation 3.3. (Spin Squeezing Inequalities from LURs). The following
set of generalized Spin Squeezing Inequalities (SSIs)
〈J2x〉+ 〈J2x〉+ 〈J2x〉 ≤ Nj(Nj + 1) , (3.19a)
(∆Jx)
2 + (∆Jy)
2 + (∆Jz)
2 ≥ Nj , (3.19b)
〈J2k 〉+ 〈J2l 〉 −Nj(Nj + 1) ≤ N(∆Jm)2 −N
∑
n
〈(j(n)m )2〉 , (3.19c)
(N − 1) [(∆Jk)2 + (∆Jl)2] ≥ 〈J2m〉 −N∑
n
〈(j(n)m )2〉+N(N − 1)j ,
(3.19d)
where k, l,m are three arbitrary orthogonal directions must hold for all sep-
arable states of N particles, where Jk =
∑
n j
(n)
k are the collective spin
components. Eqs. (3.19) hold whenever there is a constraint of the form∑
k=x,y,z〈jk〉2 ≤ j2 for the single particle expectations or equivalently when-
ever the LUR
(∆jx)
2 + (∆jy)
2 + (∆jz)
2 ≥ j , (3.20)
holds on the single particle variances. For j = 12 Eqs. (3.19) reduces to
Eqs. (3.7).
Proof. Let us consider a pure product state ρ =
⊗
n ρ
(n) and let us define
some modified second moments 〈J˜2k 〉 = 〈J2k 〉 −
∑
n〈(j(n)k )2〉 and the corre-
sponding modified variances (∆˜Jk)2 = 〈J˜2k 〉 − 〈Jk〉2. Using the additivity
of the variance on product states we have that (∆˜Jk)2ρ = −
∑
n〈(j(n)k )2〉ρ(n) ,
while 〈J˜2k 〉ρ = 〈Jk〉2ρ −
∑
n〈(j(n)k )2〉ρ(n) . Now let us consider the following
expression
(N − 1)
∑
l∈I
(∆˜Jl)
2 −
∑
l /∈I
〈J˜2l 〉 , (3.21)
where I is any subset of indices of {x, y, z} including I = ∅. We have, on
product states
(N−1)
∑
l∈I
(∆˜Jl)
2
ρ−
∑
l /∈I
〈J˜2l 〉ρ ≥ −
∑
n
(N−1)
∑
l=x,y,z
〈(j(n)l )2〉 ≥ −N(N−1)j2 ,
(3.22)
where we have used the facts that 〈Jl〉2 ≤ N
∑
n〈(j(n)l )2〉 following from
the Cauchy-Schwarz inequality and the constraint
∑
k=x,y,z〈jk〉2 ≤ j2 on
the single particle averages. Moreover, since the left hand side of (3.22) is
concave in the state, the bound on the right hand side also holds for general
mixtures of product states, i.e., on all separable states. Eqs. (3.19) follow
from Eqs. (3.22) from the fact that
∑
l=x,y,z〈J2l 〉 =
∑
l=x,y,z〈J˜2l 〉+Nj(j+1),
which is a consequence of the operator identity
j2x + j
2
y + j
2
z = j(j + 1)1 . (3.23)
From Eq. (3.23) it also follows that
∑
k=x,y,z〈jk〉2 ≤ j2 is equivalent to
Eq. (3.20).
In the proof of Eq. (3.19) we have introduced some quantities that are
modified version of the second moments of collective spin components, namely
〈J˜2k 〉 = 〈J2k 〉 −
∑
n
〈(j(n)k )2〉 ,
(∆˜Jk)
2 = 〈J˜2k 〉 − 〈Jk〉2 ,
(3.24)
that are obtained basically subtracting the average local second moment
from the corresponding collective second moment.
In this way we are defining a quantity that takes account of the squeezing
of the collective variance coming from just interparticle, rather than intra-
particle entanglement (or spin squeezing) by subtracting the average single
particle spin squeezing. Note that in the case of j = 12 the modified second
moments are obtained from the true second moments by just subtracting a
constant, and in fact since a single spin-12 particle cannot be spin squeezed
there cannot be intraparticle squeezing in that case.
Afterwards, we show that the set (3.19) provides a complete entanglement-
based definition of spin squeezing, in the sense that all possible multipartite
entangled SSS are detected by one of Eqs. (3.19).
Observation 3.4. (The set Eqs. (3.19) is complete and defines generalized
CSS). For every value of the mean spin vector 〈 ~J〉 the set Eqs. (3.19) defines
a polytope in the space of 〈 ~˜K〉 = (〈J˜2x〉, 〈J˜2y 〉, 〈J˜2z 〉), the vertices of which have
coordinates
Ax =
(
N(N − 1)j2 − κ(〈Jy〉2 + 〈Jz〉2), κ〈Jy〉2, κ〈Jz〉2
)
,
Bx =
(
〈Jx〉2 + 〈Jy〉
2 + 〈Jz〉2
N
,κ〈Jy〉2, κ〈Jz〉2
)
,
(3.25)
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Figure 3.2: (left) The polytope of separable states corresponding to
Eqs. (3.19) for N = 10 spin-j particles and for ~J = 0. (right) The same
polytope for ~J = (0, 0, 8)j. Note that this polytope is a subset of the poly-
tope in (left). For the coordinates of the points Al and Bl see Eq. (3.25).
with κ = N−1N and including some other analogously defined points (Ay, By),
(Az, Bz). Each of the points (Ak, Bk) can be attained by a separable state
in the N → ∞ limit. In particular, separable states corresponding to the
vertices are combinations of CSS.
Proof. Let us consider a system ofN spin-j particles in the subspace of states
with a given value of 〈 ~J〉 = (〈Jx〉, 〈Jy〉, 〈Jz〉) and define the quantity cx such
that c2xN2j2 = N2j2 − 〈Jy〉2 − 〈Jz〉2. Then, a separable state corresponding
to Ax is given by
ρAx = pρ
⊗N
+ + (1− p)ρ⊗N− , (3.26)
where ρ± are the states such that 〈~j〉ρ± = (±jcx, 〈Jy〉N , 〈Jy〉N ). This can
be seen by direct computation of the corresponding coordinates 〈 ~˜K〉ρAx =
(〈J˜2x〉ρAx , 〈J˜2y 〉ρAx , 〈J˜2z 〉ρAx ). Analogous states corresponding to Ay and Az
can be obtained with the same construction and all of them exist for every
fixed value of 〈 ~J〉, corresponding to a different value of p. Afterwards, if
M = Np is an integer, we can also construct separable states corresponding
to Bx as
ρBx = ρ
⊗M
+ ⊗ ρ⊗(N−M)− , (3.27)
and analogously for By and Bz. Finally, if M is not an integer consider the
separable state
ρ′Bx, = (1− )ρ⊗M
′
+ ⊗ ρ⊗(N−M
′)
− + ρ
⊗M ′+1
+ ⊗ ρ⊗(N−M
′−1)
− , (3.28)
where M ′ = M −  is the largest integer smaller than M . This state has the
same coordinates 〈 ~˜K〉 as Bx except for 〈J˜2x〉, which differs from a quantity
δ〈J˜2x〉 = 4j
2c2x(1 − ) ≤ j2. Thus in the limit N → ∞ the state ρ′Bx,
corresponds to the vertex Bx. Analogously we can find states close to By
and Bz that reach such points for N →∞.
Thus, Obs. 3.3 provides a closed set of SSIs that are separability criteria
for systems of spin-j particles and Obs. 3.4 proves that such set gives a com-
plete figure of merit for entangled multi spin-j squeezed states. In particular,
in the case of spin-12 particle systems the results reduce to what derived by
Tóth et al. in [160, 161] and mentioned in Sec. 3.1.1. Conversely, the same
statements could be obtained through a mapping from quantities computed
in the spin j = 12 space to quantities defined for general spin j.
Observation 3.5. (Mapping from spin-12 to higher spins entanglement cri-
teria). Let us consider a necessary separability condition for N spin-12 par-
ticles, written in terms of 〈 ~J〉 and 〈 ~˜K〉 as
f({〈Jl〉}, {〈J˜2l 〉}) ≥ const. . (3.29)
Then the inequality obtained from Eq. (3.29) by the substitutions
〈Jl〉 → 1
2j
〈Jl〉 , 〈J˜2l 〉 →
1
4j2
〈J˜2l 〉 , (3.30)
is a necessary separability condition for N spin-j particles.
Proof. Let us consider a product state ofN spin-j particles ρprod,j =
⊗N
n=1 ρ
(n)
j
and define the quantities r(n)l =
1
j 〈j
(n)
l 〉ρj . Then we have
〈Jl〉ρprod,j
2j
=
1
2
∑
n
r
(n)
l ,
〈J˜2l 〉ρprod,j
4j2
=
1
4
∑
n6=m
r
(n)
l r
(m)
l , (3.31)
and the LUR constraint for the single particle spin-j states ρ(n)j becomes
equivalent to
0 ≤
∑
l
(r
(n)
l )
2 ≤ 1 , (3.32)
independently on j. Thus for product states the set of allowed values of
( 12j 〈Jl〉, 14j2 〈J˜2l 〉) is independent on j, since they just depend on the quantities
r
(n)
l . The same holds also for general separable states, since they are just
mixtures of product states. Thus the range of allowed values of a function
f({ 12j 〈Jl〉}, { 14j2 〈J˜2l 〉}) on separable states is independent on j and this proves
the claim.
As we claimed before, with the mapping (3.30) we can directly generalize
Eqs. (3.7) to higher spin particle systems and obtain precisely Eqs. (3.19).
In particular this mapping provides a normalization that allows to define
spin squeezing due to interparticle entanglement independently on the value
of the spin quantum number j. In the following we argue that actually a
complete definition unifying all kinds of spin squeezing due to interparticle
entanglement can be given by a single parameter.
3.2.2 A unique, optimal Spin Squeezing parameter
Let us start here a discussion on possible definitions of entanglement-based
spin squeezing parameters. As discussed before, even for single spin-j parti-
cles it is not straightforward to give a unique figure of merit that defines spin
squeezing starting just from Heisenberg uncertainty relations, analogously as
the case of bosonic squeezing. Moreover, since for su(2) there are three mu-
tually conjugate observables, one can also ask: can we define SSS of more
than just one variance? We have already seen that in fact this is the case,
leading to the definition of planar squeezed states and singlet states.
Furthermore, in a multiparticle scenario the situation gets even more
complex. Different figures of merit for spin squeezing can be associated to
either, e. g., entanglement, or metrological usefulness for a specific task, but
they are not equivalent to each other.
Now, a further question that might arise is: can we include different types
of SSS in a unified framework? From a fundamental point of view it would
be important to define a Standard Quantum Limit that sets univocally the
quantum/classical border for a multi spin-j state and a unified distinction
between Squeezed/Coherent states can help in this sense. Furthermore, since
all spin squeezed states have been proposed to improve metrological tasks,
this might help also for a unified characterization of metrologically useful
states. The main obstacle to this is how to define a SQL independent from
the properties of the specific state and that unifies all the different kinds of
spin squeezed states.
From the point of view of multipartite entanglement we have seen that
all these different SSS arise naturally as points exterior to a polytope of
separable combinations of CSS. Thus a natural definition of SQL is provided
by the polytope itself, being the boundary between CSS and (generalized)
SSS and a quantification of the degree of squeezing can be given as a distance
from the boundary. Thus, following our approach entanglement oriented, we
are able to give a unified definition of spin squeezing as figure of merit for
interparticle entanglement in multi spin-j systems. The parameter that we
provide solves in this way the practical problem of including states with
different polarizations and states with more than a single squeezed variance
in the same framework and in this sense it will be a generalization of the
original spin squeezing parameter.
Naively, as a preliminary step, from each of Eqs. (3.19) (apart Eq. (3.19a)
that cannot be violated by any quantum state) we can define a different
parameter by, e.g., dividing the left hand side by the right hand side of the
inequality. The practical problem is that the denominator is not univocal
(one can always add the same quantity to both sides of the inequality) and
must be always positive. A choice is for example
ξ2Dicke,j := (N − 1)
(∆˜Jx)
2 +Nj2
〈J˜2y 〉+ 〈J˜2z 〉
, (3.33a)
ξ2planar,j := (N − 1)
(∆˜Jx)
2 + (∆˜Jy)
2 + 2Nj2
〈J˜2z 〉+N(N − 1)j2
, (3.33b)
ξ2singlet,j :=
(∆Jx)
2 + (∆Jy)
2 + (∆Jz)
2
Nj
, (3.33c)
that reduces to (3.9) for j = 12 . Thus, all separable states obey ξ
2
X,j ≥ 1
for all the three parameters and any entangled spin squeezed state must be
detected by one of the three because of the completeness of the set. Note
that the parameters are well defined only when the denominator is positive.
However it can be shown that whenever the denominator of each parameter
is negative, then the corresponding inequality cannot detect the state as
entangled. Thus the definitions are consistent, though valid under some
restrictions.
As a comparison we can apply the mapping (3.30) to the original spin
squeezing parameter (2.80) and define a generalized version that detects
entangled states also for spin-j particle systems with j > 12 . Note, in fact
that Eq. (2.80) is not a valid entanglement criterion for higher spin systems,
since even a single spin-1 state can have ξ2 < 1.
Observation 3.6. (Original SS entanglement criterion mapped to higher
spin systems). Exploiting the mapping in Eq. (3.30) we can map the original
spin squeezing parameter
ξ2 :=
N(∆Jx)
2
〈Jy〉2 + 〈Jz〉2 (3.34)
of a system of N spin-12 particles, to
ξ2ent,j := N
(∆˜Jx)
2 +Nj2
〈Jy〉2 + 〈Jz〉2 , (3.35)
that is a generalized spin squeezing parameter such that ξ2ent,j ≥ 1 for all
separable states of N spin-j particles, even with j > 12 . Thus every state ρ
of N spin-j particles such that ξ2ent,j(ρ) < 1 must be entangled.
Now let us compare ξ2ent,j with ξ
2
Dicke,j. The following observation, that
has been proven in [171], shows that ξ2Dicke,j gives an improvement over ξ
2
ent,j
from the point of view of entanglement detection.
Observation 3.7. (ξ2Dicke,j is strictly finer than ξ
2
ent,j). The following state-
ments hold when N  1: (i) ξ2Dicke,j(ρ) < ξ2ent,j(ρ) for all states ρ such that
ξ2ent,j(ρ) < 1, (ii) ξ
2
Dicke,j
(
(1− pn)ρ+ pn 1(2j+1)N
)
' (1−pn)·ξ2ent,j
(
(1− pn)ρ+ pn 1(2j+1)N
)
for all completely polarized states ρ and 0 ≤ pn ≤ 1.
Thus, from Obs. 3.7 it follows that in the large N limit a single parameter
in the set (3.33) is strictly finer and also more tolerant to white noise in
detecting usual SSS with respect to ξ2ent,j. Furthermore (3.33a) can detect
unpolarized states while (3.35) cannot, since we have ξ2ent,j(ρ)→∞ when ρ
is unpolarized.
More in general it can be also shown that every state detected by ξ2ent,j is
also detected by either (3.33a) or (3.33c). Thus, once more we have proven
that the set (3.33) is a generalization of the original definition of spin squeez-
ing that includes a wider class of entangled states.
From Obs. 3.4 it also follows that from the point of view of entanglement
detection the definition of spin squeezing based on (3.33) cannot be further
extended. Thus, it makes sense to look for a single parameter that unifies
the whole set. In the next we present such a single parameter, written in
an explicit rotationally invariant form so to avoid a definition based on the
prior knowledge of some privileged Mean Spin Direction. The idea is that
one can look directly at the optimal directions, possibly more than just one,
in which ρ is eventually spin squeezed.
At first let us express the set of inequalities (3.19) in a form that is
explicitly invariant under orthogonal changes of reference axes.
Observation 3.8. (Rotationally invariant form of Eqs. (3.19)). The set
(3.19) can be compactly written as1
(N − 1)Tr(Γ)−
I∑
k=1
λ↓k(X)−N(N − 1)j ≥ 0 , (3.36)
where we defined the matrices
Ckl :=
1
2
〈JkJl + JlJk〉 , (3.37)
Γkl := Ckl − 〈Jk〉〈Jl〉 , (3.38)
Qkl :=
1
N
∑
n
(
1
2
〈j(n)k j(n)l + j(n)l j(n)k 〉
)
, (3.39)
X := (N − 1)Γ + C −N2Q , (3.40)
and
∑I
k=1 λ
↓
k(X) is the sum of the largest I eigenvalues of X in decreasing
order. Eq. (3.36) is invariant under orthogonal changes of reference axes
nˆ→ Onˆ.
Proof. Let us start considering a single expression for the set (3.19), namely
(N − 1)
∑
l∈I
(∆˜Jl)
2 −
∑
l /∈I
〈J˜2l 〉 ≥ −N(N − 1)j2 , (3.41)
1Note that in [171] we gave a different definition of the matrix Q. Here we used
Eq. (3.39) because it allows to write the set (3.19) in a single compact way, namely (3.36)
and add on both sides the quantity (N − 1)∑l /∈I(∆˜Jl)2. We obtain
(N − 1)
∑
l=x,y,z
(∆˜Jl)
2 +N(N − 1)j2 ≥ (N − 1)
∑
l /∈I
(∆˜Jl)
2 +
∑
l /∈I
〈J˜2l 〉 , (3.42)
where we have also rearranged the terms. On the other hand we can express
a diagonal element of X as
Xll = (N − 1)
∑
l /∈I
(∆˜Jl)
2 +
∑
l /∈I
〈J˜2l 〉 , (3.43)
i.e., precisely as the expression in the right hand side of Eq. (3.42). Thus,
since the left hand side is (N − 1)∑l=x,y,z(∆˜Jl)2 + N(N − 1)j2 = (N −
1)Tr(Γ)−N(N − 1)j we finally have
(N − 1)Tr(Γ)−
∑
l /∈I
Xll −N(N − 1)j ≥ 0 , (3.44)
where I is a general subset of indices. By taking the optimal diagonal el-
ements Xll, namely, since the right hand side is a lower bound its largest
eigenvalues, we proved that Eq. (3.36) is equivalent to the compact version
of Eq. (3.19). To complete the proof we also show that it is invariant under
orthogonal change of coordinates. In fact performing an orthogonal change
of reference system nˆ→ Onˆ is reflected in an orthogonal quadratic transfor-
mation of the matrices (3.37), e.g., C → OCOT and Eq. (3.36) is invariant
under such transformations.
Next, starting from Eq. (3.36) we define a single spin squeezing parameter
by just optimizing over the subset of directions I. Basically this optimiza-
tion process provides the directions in which the state can have collective
variances squeezed with respect to the SQL defined as the boundary of the
polytope discussed in Obs. 3.4 and the parameter provides a figure of merit
that defines the degree of spin squeezing in such directions (to be published
in the near future [174]).
Definition 3.2. (Generalized Spin Squeezed States). Let us consider
an N spin-j particle state ρ and define an optimal spin squeezing parameter
as
ξ2G(ρ) :=
Tr(Γρ)−
∑I
k=1 λ
>0
k (Zρ)
Nj
, (3.45)
where I is the set of directions corresponding to the positive eigenvalues of
Zρ =
1
N−1Xρ, that we called λ
>0
k (Zρ) and [Tr(Γρ)−
∑I
k=1 λ
>0
k (Zρ)]SQL = Nj
is a Standard Quantum Limit. The directions kˆ such that
λk(Zρ) = (∆Jk)
2
ρ +
1
N − 1〈J
2
k 〉ρ −
N
N − 1
∑
n
〈(j(n)k )2〉ρ > 0 , (3.46)
correspond to the directions in which ρ cannot be spin squeezed.
We define an N spin-j particle state ρ as generalized spin squeezed in the
nˆ /∈ I directions whenever
ξ2G(ρ) < 1 , (3.47)
such that it is detected as entangled based on 〈 ~J〉 and 〈 ~˜K〉.
The above definition has been obtained from Eq. (3.44) by dividing by
N−1, reordering the terms as Tr(Γ)− 1N−1
∑
l /∈I Xll ≥ Nj and then defining
ξ2G = min
I
Tr(Γ)− 1N−1
∑
l /∈I Xll
Nj
, (3.48)
i.e., as a ratio between the left hand side and the right hand side, optimized
over the set of directions I.
Exploiting the results given previously, then, it is straightforward to see
that all usual CSS ρCSS are such that ξ2G(ρCSS) = 1 and that ξ
2
G < 1 detects
all possible entangled states based on 〈 ~J〉 and 〈 ~˜K〉, including a set of states
that goes beyond the original definition of SSS. As in Eq. (3.45), the gen-
eralized spin squeezing parameter is well defined, since the denominator is
always positive and provides a natural universal definition of SQL based on
interparticle entanglement.
Example 3.5. (Values of ξ2G on example useful states). As an example we
can easily compute the parameter ξ2G on some important states
• for the singlet state ρsing it reaches the minimal value ξ2G(ρsing) = 0,
independently of j. In fact the singlet is such that λk(Zρsing) are all
negative and the state is squeezed in all three directions.
• for the unpolarized Dicke state ρDicke we have ξ2G(ρDicke) = Nj−12Nj−1 . This
is because there are two positive eigenvalues λx(ZρDicke) = λy(ZρDicke) =
N3j3
2jN−1 and just one negative λz(ZρDicke) = − N
2j2
2jN−1 . Thus the Dicke
state is spin squeezed in just one direction zˆ and in the limit N  1 it
reaches ξ2G(ρDicke)→ 12 independently of j.
• A state ρpol of N spin-12 particles that is completely polarized in a
direction zˆ, 〈Jz〉 ' N2 is such that λz(Zρpol) ' (∆Jz)2 > 0. Assuming
also that it has a squeezed variance along xˆ, i.e., (∆Jx)2 = ξ2N4 , where
ξ2 < 1 is the value of the original spin squeezing parameter (2.80), and
correspondingly (∆Jy)2 = N4ξ2 we have λy(Zρpol) =
N2
4(N−1)
(
ξ−2 − 1) >
0, while λx(Zρpol) = − N
2
4(N−1)
(
1− ξ2) < 0. The value of the general-
ized spin squeezing parameter is then ξ2G(ρpol) ' 12
(
1 + ξ2
)
< 1 and
the state is spin squeezed along xˆ and detected as entangled, as it
should.
• Planar squeezed states ρplanar saturate the uncertainty relation (∆Jx)2+
(∆Jy)
2 ≥ CJ for a single spin-J particle. Equivalently, such states
can be viewed as permutationally symmetric states of N = 2J spin-12
particles, almost completely polarized in the xˆ direction, 〈Jx〉 ' N2
and with the following variances: (∆Jx)2 ' 18N
2
3 , (∆Jy)2 ' 14N
2
3 ,
(∆Jz)
2 ' 14N
4
3 . According to the definition (3.45), however, they are
spin squeezed only in the yˆ direction since for such states λy(Z) < 0,
while λx(Z) and λz(Z) are positive. The value of the complete spin
squeezing parameter is ξ2G(ρplanar) ' 12
(
N
N−1 +N
− 1
3
)
→ 12 .
Table 3.1 summarizes the properties of the spin squeezed states described
in the previous example. It is interesting to note that planar squeezed states
are squeezed only in one yˆ direction according to ξ2G and thus are similar to
the original spin squeezed states and to Dicke state in this sense. This fact
can be clarified by looking at our definition of spin squeezing and providing
an interpretation in terms of the scaling of the collective variances with the
number of particles N . In fact, according to Def. 3.2 a necessary condition
for a state to be spin squeezed in a certain direction kˆ is
λk(Zρ) = (∆Jk)
2
ρ +
1
N − 1〈J
2
k 〉ρ −
N
N − 1
∑
n
〈(j(n)k )2〉ρ < 0 , (3.49)
which means that, referring us for clarity to the case of spin-12 particle sys-
tems, both the variance (∆Jk)2 and a normalized second moment 1N−1〈J2k 〉
must scale slower than N4 . In the case of planar squeezed states, although
both variances (∆Jx)2 and (∆Jy)2 scale as N
2
3 , only one of the second mo-
ments, 1N−1〈J2y 〉 scales as N−
1
3 . This is due to the fact that the state is
almost completely polarized in the xˆ direction and thus 1N−1〈J2x〉 ∝ N . On
the contrary, according to our definition, a state spin squeezed in two direc-
tions would be such that e.g., λx(Z) < 0 and λy(Z) < 0 hold together with
ξ2G < 1.
Thus, to resume, here we have introduced ξ2G(ρ) in Eq. (3.45) as a gener-
alized notion of Spin Squeezing parameter that embraces in a single quantity
the complete set of SSIs of Eq. (3.19). It is a definition that generalizes the
concept of spin squeezing to states with more than a single squeezed variance
and to a multipartite scenario for general spin-j systems by distinguishing
interparticle from intraparticle spin squeezing. This allows to include a wider
class of states in the framework of spin squeezed states, and in particular
many important unpolarized states that can be also studied for quantum
enhanced technological purposes.
Table 3.1: Collective correlation matrices (3.37) and complete spin squeezing
parameter (3.45) for interesting quantum states.
Multipartite Singlet states C = diag(0, 0, 0)
Γ = diag(0, 0, 0)
ξ2G(ρsing) = 0 Q = diag(
j(j+1)
3 ,
j(j+1)
3 ,
j(j+1)
3 )
~λ(Z) = (− j(j+1)3 N
2
N−1 ,− j(j+1)3 N
2
N−1 ,− j(j+1)3 N
2
N−1)
Planar Squeezed states C ' diag(14N2, 14N
2
3 , 14N
4
3 )
Γ ' diag(18N
2
3 , 14N
2
3 , 14N
4
3 )
ξ2G(ρplanar) ' 12
(
N
N−1 +N
− 1
3
)
Q = diag(14 ,
1
4 ,
1
4)
~λ(Z) ' (18N
2
3 ,−N2(1−N−
1
3 )
4(N−1) ,
N2(N
1
3−1)
4(N−1) )
Original Spin Squeezed states C ' diag( ξ24 N, 14ξ2N, 14N2 + N4 )
Γ ' diag( ξ24 N, 14ξ2N, N4 )
ξ2G(ρpol) ' 12
(
1 + ξ2
)
< 1 Q = diag(14 ,
1
4 ,
1
4)
~λ(Z) ' (−N2(1−ξ2)4(N−1) , N
2(ξ−2−1)
4(N−1) ,
N
4 )
Unpolarized Dicke states C = diag(Nj(Nj+1)2 ,
Nj(Nj+1)
2 , 0)
Γ = diag(Nj(Nj+1)2 ,
Nj(Nj+1)
2 , 0)
ξ2G(|Nj, 0〉〈Nj, 0|) = Nj−12Nj−1 Q = diag( j(j+1)2 − (N−1)j
2
4jN−2 ,
j(j+1)
2 − (N−1)j
2
4jN−2 ,
(N−1)j2
2jN−1 )
~λ(Z) = ( N
3j3
2jN−1 ,
N3j3
2jN−1 ,− N
2j2
2jN−1)
3.2.3 Extreme Spin Squeezing near Dicke states
A further question that can be asked is whether it is possible to detect also
the depth of entanglement with generalized spin squeezing inequalities, as in
the approach of Sørensen-Mølmer described in Sec. 3.1.2. In order to do this
we can try to consider the complete set of generalized SSIs (3.19) and find a
way to derive k-producibility inequalities from the same expressions. How-
ever in this respect numerical studies suggest that only one of the inequalities,
namely (3.19c) can be possibly generalized to a k-producibility condition,
since the others might be maximally violated already by 2-entangled states,
such as singlet states.
In [116, 174] we proceeded analogously as Sørensen-Mølmer and consider
a similar optimization problem, namely in our case find the minimum value
achievable for a single collective variance (∆Jx)2 for every fixed value of
the sum of the orthogonal second moments 〈J2y + J2z 〉 in all k producible
states. As in the previous works described before in this Sec. 3.2, the idea is
to substitute the mean spin length orthogonal to 〈Jx〉 with the sum of two
second moments, i.e., 〈Jy〉2 + 〈Jz〉2 → 〈J2y + J2z 〉.
In the case of spin-12 particle systems we found as a result a family of k
separability condition very similar to Eq. (3.11), written in terms of the same
function (3.10) but with the quantity
√
〈J2y + J2z 〉 − N2 (k2 + 1) in substitution
of the mean spin length
√〈Jy〉2 + 〈Jz〉2 (see supplementary material of [116]
and [174])
Observation 3.9. (Improved extreme Spin Squeezing inequalities). The fol-
lowing inequality
(∆Jx)
2 ≥ N
2
F k
2

√
〈J2y + J2z 〉 − N2 (k2 + 1)
N
2
 , (3.50)
holds for all k producible states of N spin-12 particles whenever 〈J2y + J2z 〉 −
N
2 (
k
2 + 1) ≥ 0, Jl =
∑N
n=1 j
(n)
l being the collective spin components of the
ensemble. The set of functions F k
2
(·) in Eq. (3.50) is defined as in Eq. (3.10),
with the identification J = k2 , i.e.,
F k
2
(X) =
2
k
min
2
k
〈Lz〉=X
(∆Lx)
2 , (3.51)
where Ll are the spin components of a single particle with spin J = k2 and the
FJ have the following properties. (i) FJ(X) are convex and monotonically
increasing for all J and so are FJ(
√
X). (ii) they are such that FJ(0) = 0
for all J . (iii) FJ1(X) ≤ FJ2(X) holds for J1 ≥ J2.
Every state ρ of N spin-12 particles that violates Eq. (3.50) must be (k+1)-
entangled. Eq. (3.50) is maximally violated by unpolarized Dicke states, that
are in fact detected as N -entangled states. Moreover, since FJ(X) ≤ 12 states
such that (∆Jx)2 ≥ N4 cannot be detected with (3.50).
Proof. The proof follows a reasoning analogous to the proof of Eq. (3.11)
plus the fact that for pure k-producible states of N qubits√
〈J2y + J2z 〉 −
N
2
(
k
2
+ 1
)
≤
√
〈Jy〉2 + 〈Jz〉2 = 〈Jn〉 (3.52)
holds. Eq. (3.52) follows from (∆Jy)2 + (∆Jz)2 =
∑M
l=1(∆j
(l)
y )2 + (∆j
(l)
z )2 ≤∑M
l=1
kl
2
(
kl
2 + 1
)
≤ N2
(
k
2 + 1
)
, where a pure k producible state |φk−prod〉 =⊗M
l=1 |φ(l)〉 has been separated in total generality inM groups of kl particles,
indexed by l and subject to the constraints
∑M
l=1 kl = N and maxl kl = k,
and we called nˆ the direction of polarization of the state in the (yˆ, zˆ)-plane.
Thus for pure k-producible states (∆Jx)2 ≥ N2 F k
2
(
〈Jn〉
N
2
)
≥ N2 F k
2
(√
〈J2y+J2z 〉−N2 ( k2+1)
N
2
)
follows from properties (i)-(iii) of the FJ(X). Then, for mixed k-producible
states Eq. (3.50) follows from the fact that FJ(
√
X) are convex, i.e.,
∑
i piFJ(
√
Xi) ≥
FJ(
√∑
i piXi) where {pi} is a probability distribution.
As we also said in Sec. 3.1.2, the functions FJ(X) and correspondingly
the criteria in Eq. (3.50) can be easily evaluated numerically for k of the
order of several hundreds. Moreover also in this case the bound on the right
hand side is tight for N  1, meaning that there are k producible states
reaching the boundary. These last are product of k particle generalized spin
squeezed states, namely ground states of (3.18), which include Dicke states.
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Figure 3.3: Detection of k-particle entanglement based on the total spin. The
red line marks the boundary for k-particle entangled states with N = 8000
and k = 28 in the (〈Jˆ2eff/J2max〉, (∆Jz)2)-plane, where we defined Jˆ2eff :=
J2x + J
2
y and J2max :=
N
2 . As a cross-check, random states with k-particle
entanglement are plotted as blue dots, filling up the allowed region. The
criterion of Ref. [50] only detects states that correspond to points below the
dashed blue line. An improved linear criterion is gained from calculating a
tangent to the new boundary (dashed red line).
The FJ(X) can be computed analytically straightforwardly just in the
cases J = 12 and J = 1, the results being
F 1
2
(X) =
1
2
X2 ,
F1(X) =
1
2
(1−
√
1−X2) ,
(3.53)
and leading to the following analytical separability and 2-producibility con-
ditions
N(∆Jx)
2 ≥ 〈J2y + J2z 〉 −
3
4
N , (3.54a)
(∆Jx)
2 ≥ N
4
− 1
2
√
N2
4
− 〈J2y + J2z 〉+N , (3.54b)
respectively. Note that Eq. (3.54a) provides a worst bound as compared to
Eq. (3.19c), the difference being nevertheless negligible for large N . After-
wards, it is interesting to compare the two criteria (3.50) and (3.11). Due to
the monotonicity of F k
2
(X) we can then just compare the arguments of the
functions. Then, whenever
〈J2y + J2z 〉 −
N
2
(
k
2
+ 1
)
≤ 〈Jy〉2 + 〈Jz〉2 (3.55)
holds, we have that (3.11) implies (3.50) and therefore the former gives a
stronger condition with respect to the latter. Vice versa,
Observation 3.10. (Comparison between Eq. (3.50) and S-M inequality).
Whenever
〈J2y + J2z 〉 −
N
2
(
k
2
+ 1
)
≥ 〈Jy〉2 + 〈Jz〉2 (3.56)
holds, then (3.50) is stronger than the Sørensen-Mølmer criteria (3.11) in
the sense that it detects a wider set of k-entangled states.
In practice, a particular case in which Eq. (3.56) holds, is on states close
to Dicke states and in all states in which the mean polarization 〈Jy〉2 + 〈Jz〉2
is small or even just slightly reduced by noise. In fact, our criteria have
then a stronger white noise tolerance and outperform (3.11) when already
a very small amount of noise (e.g., around 5%) is present. See Fig. 3.4
for a numerical comparison of the entanglement depth detected by the two
criteria.
Thus, the entanglement criteria in Eq. (3.50) extend Sørensen-Mølmer’s
criteria since they allow to detect more efficiently the depth of entanglement
in a wider class of states that goes beyond usual SSS states and includes,
e.g., unpolarized states close to Dicke states. They can thus be thought as
a generalization of Eq. (3.11), in the same spirit as the set (3.19) being a
generalization of the original SSI.
Furthermore, we can compare our criteria with an other important set of
conditions that are designed to detect the entanglement depth of Dicke-like
states. These are linear criteria derived by L.-M Duan [50]
Observation 3.11. (L.-M Duan’s linear k producibility conditions). The
following inequality
N(k + 2)(∆Jx)
2 ≥ 〈J2y + J2z 〉 −
N
4
(k + 2) (3.57)
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Figure 3.4: The graph shows the entanglement depth detected by the con-
dition (3.50) (solid line) and the Sørensen-Mølmer condition (3.11) (dashed
line) for N = 4000 spin-1 particles with additive white noise to account for
imperfections. For states that are not completely polarized, Eq. (3.50) de-
tects a considerably larger entanglement depth. The inset shows that the
maximal detected entanglement depth depending on the noise contribution
is larger for our criterion (circles) than for the S-M criterion (crosses) if some
very small noise is present.
holds for all k producible states of N spin-12 particles. Any state that violates
Eq. (3.57) is detected as k + 1-entangled.
We can as well obtain easily linear criteria from Eq. (3.50) by just taking
the tangents to the curve given by F k
2
(X). Since Eq. (3.50) is optimal, in the
sense that the bound on the right hand side is tight, the tangents provide
also optimal linear criteria, that outperform Eq. (3.57). In particular this
can be seen explicitly from the numerical plots in Fig. 3.3 and analytically
in the k = 2 case by computing the second derivative of F1(X). We obtain
so the following linear 2 producibility condition
2N(∆Jx)
2 ≥ 〈J2y + J2z 〉 −N (3.58)
that is finer than Duan’s and improves the slope by roughly a factor 2.
Figure 3.5(c) shows the entanglement depth of a created Dicke-like state
of 8000 atoms [116]. The red lines present the newly derived boundaries for
k-particle entanglement. All separable states are restricted to the far left of
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Figure 3.5: (left) Measurement of the entanglement depth for an 8000 atoms
Dicke state. (a) The entanglement depth is given by the number of atoms
in the largest non-separable subset (shaded areas). (b) Dicke states are rep-
resented by an equatorial plane: it has an ultralow width ∆Jz and a large
radius J2eff = J
2
x+J
2
y . (c) The red lines indicate the boundaries for various en-
tanglement depths. The experimental result is shown as blue uncertainty el-
lipses with one and two standard deviations, proving an entanglement depth
larger than 28 (dashed line). (right) A photo of the experiment.
the diagram, as indicated by the k = 1 line. The measured values of (∆Jz)2
and (〈Jˆ2eff/J2max〉 (where we defined Jˆ2eff := J2x + J2y and J2max := N2 ) are
represented by uncertainty ellipses with one and two standard deviations.
The center of the ellipses corresponds to an entanglement depth of k = 68.
With two standard deviations confidence, the data prove that the state had
an entanglement depth larger than k = 28.
3.3 Spin squeezing for fluctuating number of parti-
cles
The concept of spin squeezing has been introduced for a single spin-j and
then developed to include composite systems of many spins. In this last case
the natural question that was addressed was the connection with multipartite
entanglement between the spins.
Then, we can ask the question of how to extend also the various Spin
Squeezing entanglement criteria to the fluctuating N case. This has been
studied by Hyllus et al. [92], who found a very general result by basically
noticing that all such criteria can be generalized to the fluctuating number
of particles case by simply exploiting the concavity of variance, which leads
to
(∆Jk)
2 ≥
∑
N
QN (∆Jk,N)
2 , (3.59)
holding for all states of the form (2.59) and basically substituting the con-
stant value of N with its average value 〈N〉. In this way for example, the
seminal result of Sørensen-Mølmer can be generalized to
Theorem 3.3.1. (Extreme SSI for fluctuating N). The following inequality
(∆Jx)
2 ≥ 〈N〉jFkj
( 〈Jz〉
〈N〉j
)
, (3.60)
holds for all k producible states with an average number 〈N〉 of spin-j parti-
cles, Jk =
⊕∞
N=0 Jk,N being the collective spin components of the ensemble.
The set of functions Fkj(·) in Eq. (3.60) is defined as in Th. (3.1.1).
Every state ρ of an ensemble of a fluctuating number 〈N〉 of spin-j par-
ticles that violates Eq. (3.60) must be k + 1-entangled.
Analogously, the complete set of generalized SSIs of Eq. (3.36) can be
extended to
Observation 3.12. (Complete set of SSIs for fluctuating N). Let us con-
sider the matrices
Ckl :=
1
2
〈JkJl + JlJk〉 , (3.61)
Γkl := Ckl − 〈Jk〉〈Jl〉 , (3.62)
Qkl :=
1
2
〈N(N − 1)−1
∑
n
(
j
(n)
k j
(n)
l + j
(n)
l j
(n)
k
)
〉 , (3.63)
Z := Γ +
1
2
〈(N − 1)−1(JkJl + JlJk)〉 −Q , (3.64)
where Jk =
⊕∞
N=0 Jk,N are the collective spin operators of an ensemble of
fluctuating number of spin-j particles.
Then, the following set of inequalities
ξ2G,N :=
Tr(Γ)−∑Ik=1 λ>0k (Z)
〈N〉j ≥ 1 , (3.65)
holds for all separable states with an average number 〈N〉 of spin-j particles,
where λ>0k (Z) are the positive eigenvalues of Z.
Every state ρ of an ensemble of a fluctuating number 〈N〉 of spin-j par-
ticles that violates Eq. (3.65) must be entangled.
Thus we can define [174] generalized SSS of an ensemble of fluctuating
number of spin-j particles based on the parameter ξ2G,N, namely whenever
ξ2G,N < 1 the state is called generalized Spin Squeezed in this framework.
The proof of Eq. (3.65) has been omitted because it is analogous to the
result that we are going to show. Namely we can also extend our set of k
entanglement conditions (3.50) to the fluctuating N case. In the following
actually we prove a slightly stronger result as compared to (3.50), tightening
the bound on the right hand side by a term of the order of 1N (in preparation
for a future publication [174]).
Observation 3.13. (Improved extreme SSIs for fluctuating N). Consider
an ensemble of spin-12 in a mixture ρ =
∑
N QNρN of N particle states ρN
and define the collective spin operators to be in the reducible representation
Jk =
⊕∞
N=0 Jk,N. Then, the following inequality
〈J2y +J2z 〉 ≤ 〈N〉
k + 2
4
+
〈N(N − 1)〉
4
F−2k
2
(
2〈N(N − 1)(Jx,N − 〈Jx,N〉)2〉
〈N(N − 1)〉
)
,
(3.66)
must be satisfied by all k producible states of an average number 〈N〉 of qubits
whenever
2〈N(N − 1)(Jx,N − 〈Jx,N〉)2〉
〈N(N − 1)〉 ≤
1
2
(3.67)
holds. The set of functions F−1k
2
(·) in Eq. (3.66) is defined as the inverse
of Eq. (3.10) and has the following properties. (i) F−1J (X) are concave and
monotonically increasing for all J and so are F−2J (X) for X ≤ 12 . (ii) they
are such that FJ(0) = 0 for all J . (iii) FJ1(X) ≤ FJ2(X) holds for J1 ≥ J2.
Every state ρ of a fluctuating number 〈N〉 of spin-12 particles that violates
Eq. (3.66) must be k + 1-entangled.
Proof. Let us look for the maximum of 〈J2y + J2z 〉 on k producible states,
as a function of expectations involving Jx,N and N . For states of the form
(2.59) we have 〈J2y + J2z 〉 =
∑
N QN 〈J2y,N + J2z,N〉. Thus, at first let us look
for bounds to 〈J2y,N + J2z,N〉 in each fixed-N subspace. In particular we look
for the maximal value of 〈J2y,N + J2z,N〉 for every fixed value of (∆Jz,N)2, and
therefore, due to the concavity of the variance, we focus on pure k producible
states. We have
〈J2y,N + J2z,N〉 = (∆Jy,N)2 + (∆Jz,N)2 + 〈Jy,N〉2 + 〈Jz,N〉2 , (3.68)
which becomes
〈J2y,N + J2z,N〉 =
Nk∑
n=1
(
(∆Ly,kn)
2
n + (∆Lz,kn)
2
n
)
+ 〈Jy,N〉2 + 〈Jz,N〉2 , (3.69)
on pure k producible states ρk−prod,N =
⊗Nk
n=1 ρkn,n, where ρkn are states of
1 ≤ kn ≤ k particles, Ll,kn are the corresponding collective spin components
and
∑Nk
n=1 kn = N . Now, by using Jensen inequality in the form
−
Nk∑
n=1
knf
2
n ≤ −
1
N
(
Nk∑
n=1
knfn
)2
, (3.70)
where fn are real numbers, we can bound
−
Nk∑
n=1
〈Ll,kn〉2n ≤ −
Nk∑
n=1
kn
〈Ll,kn〉2n
k2n
≤ − 1
N
(
Nk∑
n=1
〈Ll,kn〉n
)2
= − 1
N
〈Jl,N〉2 ,
(3.71)
where the first inequality comes from the fact that kn ≥ 1 and the second
comes from Eq. (3.70) with the choice fn =
〈Ll,kn 〉n
kn
. Thus from Eq. (3.69)
and Eq. (3.71) we obtain
〈J2y,N+J2z,N〉 ≤
Nk∑
n=1
〈L2y,kn+L2z,kn〉n+
N − 1
N
(〈Jy,N〉2+〈Jz,N〉2) ≤ N(k + 2)
4
+
N − 1
N
(〈Jy,N〉2+〈Jz,N〉2) ,
(3.72)
where the second inequality follows from
∑Nk
n=1〈L2y,kn+L2z,kn〉n ≤
∑Nk
n=1
kn(kn+2)
4 ≤
N k+24 . Now we employ the definition of FJ(X) and we exploit the result of
Sørensen-Mølmer, Eq. (3.11) to bound√
〈Jy,N〉2 + 〈Jz,N〉2 ≤ N
2
F−1k
2
(
2(∆Jz,N)
2
N
)
, (3.73)
which is valid for k producible states and obtain finally
〈J2y,N + J2z,N〉 ≤ N
k + 2
4
+
N(N − 1)
4
F−2k
2
(
2(∆Jz,N)
2
N
)
. (3.74)
To extend this result to arbitrary mixtures of N particle states we simply use
again Jensen inequality
∑
N QNN(N − 1)F−1k
2
(XN ) ≤ (
∑
N QNN(N − 1)) ·
F−1k
2
(
∑
N QNN(N−1)XN∑
N QNN(N−1) ) that is valid for concave functions F
−1
k
2
(XN ). In this
way we arrive at
〈J2y+J2z 〉 ≤ 〈N〉
k + 2
4
+
〈N(N − 1)〉
4
F−2k
2
(
2
∑
N QNN(N − 1)(Jx,N − 〈Jx,N〉)2
〈N(N − 1)〉
)
,
(3.75)
and we conclude the proof by exploiting the monotonicity of F−1k
2
(XN ), which
is valid for its argument being bounded by XN ≤ 12 .
In this chapter we have presented our results contained in Refs. [173, 171,
116, 174] concerning an extension of the concept of spin squeezing to the
framework of multi spin-j systems. We have extended the well established
results of Tóth et al, namely Eq. (3.7) and the proof of its completeness,
to multipartite systems of spin-j particles, resulting in Eq. (3.19). We have
shown that this result can be directly obtained with a very general map-
ping (3.30) from entanglement criteria valid for spin-12 particle systems to
analogous criteria valid for spin-j systems.
Then, we have defined a single generalized spin squeezing parameter,
ξ2G(ρ) in Eq. (3.45), that extends the original definition of spin squeezing in
several respects: (i) it detects states with more than a single squeezed vari-
ance, (ii) it detects important unpolarized states, (iii) it detects all entangled
spin states that can be detected based only on the collective correlation ma-
trices (3.37). This parameter in summary, provides a unified and complete
figure of merit for spin squeezing, valid even when more than a single variance
is squeezed.
Afterwards, we also extended the well-known k-entanglement criteria of
Sørensen-Mølmer, Eq. (3.11), to a set criteria that detects the entanglement
depth of a wider class of states, including unpolarized Dicke states. The
resulting criteria, Eq. (3.50), are more efficient than the original Sørensen-
Mølmer criteria in detecting the entanglement depth already when a very
small amount of depolarizing noise is present and also outperform the lin-
ear criteria (3.57) of L.-M. Duan. They have been employed to detect a
depth of entanglement of 28 with two standard deviations confidence in an
experimentally produced Dicke state of a BEC [116], see Fig. 3.5.
Finally, all the above mentioned results have been extended to systems
in which the number of particles is fluctuating.

Chapter 4
Toward a conclusive
Leggett-Garg test with QND
measurements
The other topic treated in this thesis concerns a foundational question be-
hind the modern formulation of quantum mechanics: where is the boundary
between the microscopic realm governed by QM and the measuring devices?
Quoting Bell, the answer is (believed to be) that there is no boundary at all
and that a quantum mechanical description is needed even at macroscopic
scales. However this fact would conflict with classical principles, such as Re-
alism and non-invasive Measureability, i.e., essentially with the possibility of
assigning values to macroscopic properties independently of measurements.
To make clearer the distinction between a macrorealist theory and quantum
mechanics Leggett and Garg [110] designed a rigorous test of such princi-
ples, that we described in Sec. 1.2.3. We mentioned previously that the
proposal, however, suffers from a fundamental loophole: non-invasive Mea-
surability, cannot be tested independently from Macrorealism per se because
of the practical impossibility of making perfectly and rigorously tested non-
disturbing measurements.
In a way we can say that the two assumptions of (MR) and (NIM) can
be interpreted as two faces of a single property of quantum mechanics, syn-
tethized as the Heisenberg uncertainty principle holding also for macroscopic
systems. A failure of an LG test thus witnesses such a property, but with-
out additional refinements it could be interpreted as a practical rather than
fundamental problem of the measurements made. In the next section 4.1
we are going to see in more details this weakness of the LG approach and
some proposals made to address it as much as possible. We will mention
the original idea of ideal negative choice measurement [110] and a successive
different proposal by Wilde and Mizel [182].
Then we discuss our two-fold original contribution to this topic [27, 172].
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On the one hand in Sec. 4.2 we are going to adapt the original LG proposal to
the realm of ensembles of cold atoms probed with Quantum Non-Demolition
(QND) measurements [125, 102] and show that a violation of LG inequal-
ities can be reached in a realistic setting. In a sense, we show then that
QND measurements are an ideal tool for disproving macrorealism in a real
experiment with a macroscopic system [27].
Afterwards, in Sec. 4.3, we study in more details the invasivity of these
QND measurements and propose a way to rigorously distinguish the “clum-
siness” of the measurements from the unavoidable disturbance due to quan-
tum principles. We finally show by suitably quantifying it, that this classical
clumsiness is not sufficient to explain the predicted failure of the LG test in
realistic cold atomic ensembles [172].
4.1 The clumsiness loophole in a LG test.
As we said, the aim of a Leggett-Garg test is to witness a genuine macro-
scopic quantum effect, i.e., an effect that is inconsistent with a realist view
at a macroscopic level. Such a viewpoint has been formalized via the joint
hypothesis of (i) macroscopic realism (MR), i.e., the existence of a definite
value for a macroscopic quantity at any time, and (ii) non-invasive measur-
ability (NIM), i.e., the possibility of measuring such value with an arbitrary
small perturbation of the system. Hence, to make a conclusive LG test on
macroscopic systems one has to address separately the invasivity problem
and show that the measurement by itself does not disturb the system from
a macrorealist viewpoint. This is a very difficult and even to some extent
fundamentally prohibited goal since any experimental realization of a LG
test will have to face disturbances, both unwanted and fundamental (see
e.g., the review article [56]). In fact, already very soon after the publica-
tion of the LG idea, a debate started on whether it is even in principle
possible to address the (NIM) assumption by itself in an actual experiment
[10, 111, 130, 112, 54, 17, 109]. Such debate is not yet closed and this rather
fundamental problem of LG tests has been termed clumsiness loophole [182].
To make a comparison with Bell-type tests, the analogous loophole in
that framework would be the communication loophole, namely the possibil-
ity that the two party can communicate between each other, violating the
locality assumption by classical means, maybe through some hidden vari-
able. However, the communication loophole can be conclusively closed by
simply putting the two parts in space-like distant regions and invoke the
principle of local causality of special relativity. Thus, when faced with a
negative result in a Bell test performed with such shrewdness, one has to
choose between renounce to realism or special relativity. Here there is no
analogous fundamental principle to call upon and one can always attribute
the failure of an LG test to the modification of some hidden variable made
by the measurements. On the other hand, it is also generally understood
that the sole principle of realism cannot be tested [56]. Thus in this case the
best that one can do is to contrive possible explanations in terms of classical
clumsiness so that they become as unacceptable as the violation of realism
itself.
Leggett and Garg [110], as an example of such strategy proposed a mea-
surement thought to be ideally non-disturbing at least from a macrorealist
perspective, called ideal negative-choice measurement. To describe it they,
considering again a macroscopic dichotomic variable Q, supposed that one
can arrange the measurement apparatus, say a detector, such that it interacts
with the system only when Q = 1. In this way one can acquire the informa-
tion of the variable having value Q = −1 without interacting with the system,
i.e., without a click of the detector. Thus, taking only this negative results
into account one can argue that the measurements were non-invasive from
a macrorealist point of view and can witness just the quantum unavoidable
invasivity due to the Heisenberg uncertainty principle.
Nevertheless one can still try to explain a negative answer to an LG test
involving these negative-choice measurements as coming from some hidden
and unwanted clumsiness. Some more quantitative analysis of classical dis-
turbances is needed, leaving still open the clumsiness loophole [182]. This
means that in a realistic scenario one has to explicitly quantify any possi-
ble classical clumsy effects of the measurements, showing that these are not
sufficient to explain the failure of the LG test. To give more details on this
point let us consider the LG inequality
〈Q2Q1〉+ 〈Q3Q2〉 − 〈Q3Q1〉 ≤ 1 , (4.1)
for dichotomic observablesQi and a sequence of three measurements S(1,2,3) =
(M1 → M2 → M3) at times t1, t2, t3 (see Fig. 1.8). Clearly, with such a
sequence it is not possible to violate the LGI with ideal non-disturbing mea-
surements, since from these observations we obtain a joint probability dis-
tribution Pr(x1, x2, x3)(Q1,Q2,Q3) and compute the correlations 〈QiQj〉 from
the relative marginals1.
A violation of LGI can be instead achieved by performing two different
sequences of measurements, say (S(1,2,3),S(1,3)), the second of which, S(1,3) =
(M1 →M3) does not include a measurement at t2. In this way we compute
〈Q1Q3〉 from a probability distribution Pr(x1, x3)(Q1,Q3) that is not obtained
as a marginal over Pr(x1, x2, x3)(Q1,Q2,Q3). However an eventual falsification
of the test coming from such a measurement scheme could be also interpreted
as coming from the invasivity of the measurement at t2. Formally, to address
1Note that it would be possible to violate Eq. (4.1) with a sequence like S(1,2,3) if one
allows a disturbance on Q that could change its value and push it outside of the interval
[−1, 1], see [56] for more details.
this possibility we define an invasivity parameter relative toM2 [182]
I(M2) =
∫
dx1dx3
∣∣Pr(x1, x3)(Q1,Q2,Q3) − Pr(x1, x3)(Q1,Q3)∣∣ , (4.2)
where Pr(x1, x3)(Q1,Q2,Q3) =
∫
Pr(x1, x2, x3)(Q1,Q2,Q3)dx2 is the marginal rel-
ative to the outcomes of Q1 and Q3 obtained performing the sequence S(1,2,3)
and Pr(x1, x3)(Q1,Q3) is the actual probability distribution coming from the
sequence S(1,3).
The parameter I(M2) can give us the corrections to the bound for the
LG inequality due to invasiveness ofM2 since
|〈Q3Q1〉(1,2,3) − 〈Q3Q1〉(1,3)| ≤ I(M2) , (4.3)
where 〈 〉(1,2,3) and 〈 〉(1,3) are the correlations computed with probabilities
Pr(x1, x3)(Q1,Q2,Q3) and Pr(x1, x3)(Q1,Q3), respectively. Such a parameter,
however, would by definition compensate any possible violation of the LGI
with such protocol.
As a possible solution to this problem, Wilde and Mizel in [182] proposed
to decompose the second measurement M2 in four measurement steps Di,
and read the outcome only in the last step, as depicted in Fig. 4.1. Then,
the invasiveness of each of the Di can be tested separately by performing
auxiliary sequences S(1,Di,3) =M1 → Di →M3 and computing the param-
eters
I(Di) =
∫
dx1dx3|Pr(x1, x3)(Q1,Qi,Q3) − Pr(x1, x3)(Q1,Q3)| , (4.4)
where Pr(x1, x3)(Q1,Qi,Q3) comes as marginal from a sequence S(1,Di,3) that
includes Di.
The trick is that in principle the Di can be chosen such that ideally
I(Di) = 0. By adding the above parameters to the original LG expression,
we can substitute (NIM) with the weaker
. (Non-colluding measurements) The total clumsiness of a sequence of
measurements is given by the sum of the contributions of every single mea-
surement.
With this assumption, an ideal sequence of adroit measurements is also
adroit. In non-ideal situations in which I(Di) ≥ 0, we can compute the
parameter (4.24) as I(M2) =
∑
i Ii(Di) since M2 is a sequence M2 =
(D1 → D2 → D3 → D4) of four steps Di.
Then, we can write a modified LG inequality as
Observation 4.1. (Wilde and Mizel inequality). The following inequality
〈Q2Q1〉+ 〈Q3Q2〉 − 〈Q3Q1〉 ≤ 1 +
∑
i
Ii(Di) , (4.5)
holds under the assumption of (i) Macrorealism (MR) and (ii) Non-Colluding
Measurements (NCM).
S(1,3)
+-
M1
+-
M3
S(1,2,3)
+-
M2
+-
M3
+-
M1
D1 D2 D3
+-
D4M2
Figure 4.1: Schematic representation of the Wilde-Mizel proposal. (left)
MeasurementM2 is decomposed in four stepsDi and the outcome is recorded
only in the last step D4 giving the result Q2 = x2. (right) The invasivity of
each of the Di can be tested separately by performing auxiliary sequences
S(1,Di,3) and comparing them with S(1,3) as in Eq. (4.4).
A violation of Eq. (4.5) would thus prove that either or both (i) the
system is not macrorealistic in strict sense, (ii) two seemingly non-invasive
measurements can collude to strongly modify the macroscopic variable Q.
In this way the clumsiness loophole is substituted with a weaker collusion
loophole.
As an example let us see explicitly how Wilde and Mizel inequality can
be violated in a single-qubit system [182].
Example 4.1. Let us write a single-qubit observable at 6 different times as
Qi =
∑
k ak(ti)σk (see also the proof of Th. 1.2.6) for some time dependent
coefficients ak(ti) and ti ∈ {t1, . . . , t6}. The measurements of Q1 and Q6
correspond to M1 and M3, while the measurement M2 is decomposed in
the four measurements of Q2, . . . , Q5 and the outcome is registered as the
outcome of Q5. Let us without loss of generality choose the basis of observ-
ables such that Q6 = σz and Q1 = cos θσz + sin θσx for some phase θ. Then,
let us choose the time steps such that Q1 = Q3 = −Q5 and Q2 = Q4 = Q6.
In this way we have ideally I(Di) = 0 and thus I(M2) = 0 since all the
observables measured in the Di commute either with Q1 or Q6 and are thus
non-disturbing when performed betweenM1 andM3.
Then, assuming that the initial state of the qubit is the completely mixed
state ρ = 12 , we have that 〈Q3Q1〉 = −〈Q3Q2〉 = cos θ and 〈Q2Q1〉 =
− cos4 θ. Thus we have
〈Q2Q1〉+ 〈Q3Q2〉 − 〈Q3Q1〉 −
∑
i
Ii(Di) = − cos4 θ − 2 cos θ , (4.6)
that is larger than 1 for 0.683pi < θ < pi.
Thus, recalling also the result of Th. 1.2.6, we have seen that already a
single-qubit can violate both the original LG inequality (4.1) and its modified
version (4.5) that substitutes the assumption (NIM) with the weaker (NCM).
No entanglement is needed in order to violate macrorealism, but just strong
correlations and non-compatibility of the observable with its time-evolved.
Analogous violation can be achieved also with many particle states.
In particular we are going to focus on the so called Gaussian states, which
are in a sense among the many body states most similar to a single-qubit
state. They can be depicted in a many particle Bloch sphere and can be
described by a Gaussian probability distribution for the collective opera-
tors. See Appendix A (or e.g., [102] and references therein) for details about
Gaussian states and some Gaussian operations such as QND measurements.
4.2 Leggett-Garg tests in atomic ensembles
Here we show how QND measurements on an atomic spin ensemble can
be used to test an LGI under circumstances closely resembling the original
Leggett-Garg proposal and open the possibility of tightening the clumsiness
loophole in a macroscopic system [27]. Using the Gaussian state formalism
reviewed in Appendix A we predict violation of LGIs for realistic experimen-
tal parameters in schemes involving at least 7 measurements. Furthermore
our calculation method allows a clear discrimination between incidental dis-
turbances from, e.g., spontaneous scattering, and unavoidable disturbance
due to quantum back-action. In fact later we also show formally that the
clumsiness loophole can be tightened by suitably quantifying the contribu-
tion to the LG expression due to classical imperfections in the measurements.
Doing so a failure of our test forces macrorealists to a position strongly re-
sembling quantum mechanics.
Let us first mention an extension of the simplest LG inequality in the
form
K3 := 〈Q2Q1〉+ 〈Q3Q2〉+ 〈Q3Q1〉+ 1 ≥ 0 (4.7)
to protocols with more measurements, a result of Avis et al. [9].
Observation 4.2. (n-measurement LGIs). The following inequality
Kn :=
∑
1≤i<j≤n
〈QiQj〉+
⌊n
2
⌋
≥ 0 , (4.8)
where bkc denotes the integer part of k, holds for every n-measurement
scheme under the assumption of (i) MR and (ii) NIM. Eq. (4.8) are op-
timal tests of macrorealism with n measurements in time.
In the following we will show that Eq. (4.8) with at least n = 7 mea-
surements can be violated in realistic measurement schemes in cold atomic
ensembles.
4.2.1 Violation of LGI in atomic ensembles
To introduce our proposal let us look at the canonical example of protocol
violating Eq. (4.8) for a single qubit. Let us consider a single spin-12 particle
initialized in the |+ 12〉z state and evolving through the Hamiltonian
H =
1
2
ωσx , (4.9)
and let us imagine that the observable Q = σz is measured at different time
instants ti. The time correlators result to be Cij := 〈QiQj〉 = cosω(ti − tj)
and thus with equally delayed measurement ω(ti − tj) := θ we have
Kn =
∑
n
n−1∑
d=1
cos(θ · d) +
⌊n
2
⌋
, (4.10)
that can become negative for suitable choices of the delay θ.
This example has many similarities with the protocol that we are go-
ing to propose in atomic ensembles. In fact we propose to measure the time
correlators appearing in Eq. (4.8) performing QND measurements of a collec-
tive spin component Jz of the ensemble externally-driven by a Hamiltonian
H = κBJx.
More concretely, our system is an atomic ensemble of NA spin-1 atoms,
of which we consider the collective spin vector ~J . The system is initially
in a state completely xˆ polarized 〈 ~J〉 = (NA, 0, 0) (see [42] and references
therein). The probing light, i.e., the meter, consists of pulses of NL photons
completely xˆ-polarized 〈~S(i)〉 = (NL2 , 0, 0) as well. The system+meter can be
compactly described in terms of the vector of observables, ~V = ~J ⊕ ~S(1) ⊕
· · · ⊕ ~S(n), where n is the total number of light pulses, corresponding to the
total number of measurements. For our purposes, the quantum state of the
system can be described by means of just the vector of averages 〈V 〉 and the
covariance matrix ΓV as in the Gaussian approximation (see Appendix A).
We consider a Gaussian spin state rotating under the influence of an
external magnetic field B acting along the x direction, i.e., with Hamiltonian
H = κBJx, where B is a classical external field2. Calling θ := κB∆t, the
atomic variables are modified as in Eq. (A.13a) where OB(θ) is a rotation
about the xˆ axis. The QND measurement instead modifies the atomic and
light variables as in Eq. (A.17a) in an ideal situation.
In a more realistic scenario, we have to take account of possible noisy
effects that might disturb our experiment. Phenomenologically noise can
be described as a reduction of the atomic polarization and a consequent
modification of the atomic covariance matrix as [42]
ΓJ 7→ χ2ΓJ + χ(1− χ)NA
2
+ (1− χ)2
3
NA, (4.11)
2In our protocols Jx can be also effectively treated as a classical variable, since the
state remains always completely xˆ polarized
where we basically described dehocerence as an assignment of a random
polarization to a fraction 1 − χ of the NA atoms (see Eq. (A.10a)). Here
χ = exp(−ηNL) depends on the scattering rate η, as well as on the number
of incoming photons NL.
Bx
Jz
Jy
Figure 4.2: A scheme of an experimental setup consisting of an ensemble of
cold atoms probed with light pulses in a QND way. (top) A 3D scheme of the
experimental apparatus. (bottom) A scheme of the probing for an LG test:
xˆ-polarized light pulses interact with the total spin ~J of an ensemble of ∼ 106
cold Rubidium atoms, independently rotating due to an external magnetic
field pointing in the xˆ direction. The light polarization experiences a Faraday
rotation and is then detected. In particular the output Sy component of the
light polarization is measured projectively. (Figure taken from G. Colangelo,
experimental apparatus of the lab of M. W. Mitchell at ICFO, Barcelona.)
We can show that in this system a violation of macrorealism is possi-
ble to reach with realistic parameters, even taking noise into account as in
Eq. (4.11). To do so we consider sequences of measurements and evolutions
(see the insets of Figs. 4.3,4.5), and evaluate numerically the expected value
of the time correlations Cij . To compute a certain Cij we have to consider
all the possible sequences that include measurements of Qi and Qj and take
the optimal ones.
In our system we expect the n outcomes ~y = (y1, . . . , yn) of (Q1, . . . , Qn)
to be distributed according to a Gaussian function
Pr(~y) = G
(n)
Γ (~y) =
exp
(−(~y − ~µ)TΓ−1(~y − ~µ))√
(2pi)n det Γ
, (4.12)
with mean ~µ ' ~0 approximately zero and covariance matrix Γ. Then we
consider the bivariate marginal relative to the pair of outcomes Yij = (yi, yj)
of Qi and Qj . This is also a Gaussian distribution G
(2)
ΓYij
(yi, yj) with mean
value zero and covariance matrix ΓYij , the submatrix of Γ relative to S(i)y and
S
(j)
y . Here each covariance matrix has been first evolved with specific forms
of Eqs. (A.13a,A.17a,4.11), relative to the concrete measurement scheme.
Afterwards, in order to evaluate correctly the LG expressions, we have to
relabel the outcomes with a certain function f(y) such that −1 ≤ f(y) ≤ 1.
A simple way to ensure the correct normalization of the outcomes is to
truncate the probability distribution after a certain region R := [−c, c] ×
[−c, c] and then relabel the outcomes as
f(y) =
{ y
c |y| ≤ c
sgn(y) |y| > c . (4.13)
In particular in the limit c → 0 we obtain completely discretized outcomes
f(y) = sgn(y), as in the original LG proposal.
In this way the correlations assume the form
Cij = PR
Ctrij
c2
+ 4P++ − 1 , (4.14)
where we called PR = Pr(yi, yj ∈ R),
Ctrij =
1
PR
∫
y∈R
yiyjG
(2)
ΓYij
(yi, yj)dyidyj , (4.15)
and P++ = Pr(yi > c, yj > c). Since the probability distributions are
Gaussian, Eq. (4.14) can be evaluated from just the final covariance matrix
ΓYij =
(
A B
B C
)
, (4.16)
and in the special case c = 0 the analytical result is
Cij =
(
1− 2α
pi
)
sgn(B) := Cdiscij , (4.17)
where α = arctan(
√
AC−B2
|B| ). For simplicity we compute K3 defined as in
Eq. (4.7) for equally delayed measurements.
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Figure 4.3: Plot of K3 as function of the constant delay θ for NL = 5 · 108
probe photons and truncations at c = σ, σ/2, 0, respectively, orange dotted,
red dashed and blue solid line, with σ = NL4 (1 + 2g
2NANL). Such a scheme
is not sufficient to violate the LG inequality. Here, scattering and losses are
not taken into account.
The result is plotted in Fig. 4.3, where we can see that a simple 3-
measurement protocol is not sufficient to see a violation of macrorealism and
that the discretized relabelling provides the best result.
Then, we considered a test with n = 5, 7, 9 measurements with discretized
outcomes, i.e., c = 0, and evaluate K5,K7,K9 of Eq. (4.8). We computed
numerically the covariance matrix resulting from a certain sequence and then
optimize the value of Cij over all possible sequences. Realistic parameters
were used: g = 10−7, NA = 2 ·106, NL = 5 ·108, and χ = exp(−ηNL), where
η = 0.5 · 10−9 [42].
The results are plotted in Fig. 4.4, where we take into account losses due
to off-resonant scattering as in (4.11). Our analysis shows that with realistic
parameters a violation of the tests based on K7 and K9 is achievable.
Here in general the question arises, however, whether this witnesses a
genuine quantum effect or it is due to a classical clumsiness of the mea-
surements. For non-ideal QND measurements there are two ingredients that
contribute to the violation: a direct disturbance on the measured variable Jz,
that must be attributed to classical clumsiness, and a back action that affects
a conjugate variable Jy and can be interpreted as a fundamental quantum
effect. For example, the violation around θ = pi is correctly explained in
terms of classical clumsiness: measurements at angles kpi, which should be
perfectly correlated or anticorrelated, are decorrelated due to scattering and
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Figure 4.4: Numerical evaluation of n-measurement LGIs as functions of θ.
(left) Kn for (from top to bottom) n = 5, 7, 9 in the presence of scattering.
(right) numerical evaluation of K9, the two lower blue (upper red) curves
are results with (without) back action. In solid (dashed) lines results with
(without) scattering. All plots are obtained using the same parameters,
taken from experiment (see text).
losses of atoms.
Nevertheless, our formalism allows to separate and distinguish the two
contributions by simulating a QND measurement where the quantum back
action is “turned off”, i.e., we set J (out)y = J
(in)
y in the input/output relations
(A.17a). The results in this last case are shown in the red upper curves of
Fig. 4.4(right). These indicate that the violation genuinely comes from the
effect of quantum back action in most cases. Scattering becomes important
only at some specific phases, and is responsible for the violation only for θ
approaching pi.
The above tests involve a large number of correlation terms (e.g., 21
for computing K7). We can considerably simplify the protocol and re-
duce the number of measurement sequences by considering just a triple
(Ma,Mb,Mc), extracted out of the n-measurement scheme, and the cor-
responding correlators combined as in the definition of K3, namely
K3 = Cab + Cbc + Cac + 1 ≥ 0. (4.18)
We compute the best achievable K3 optimizing over all possible triples
and all possible sequences. The results are plotted in Fig. 4.5, where it
can be seen that a violation is obtainable even in these simplified protocols,
especially around θ = pi2 and θ =
pi
3 .
An explicit measurement scheme that comes from our analysis as a prac-
tically feasible test of macrorealism is depicted in the inset of Fig. 4.5: 3
sequences of 7 measurements each are performed, and only 3 couples of out-
comes are registered (yellow-white filled circles in the figure), while the others
are discarded (green circles). Each of the correlations Cab between the out-
comes of (Q3, Q5, Q7) is then computed using the corresponding sequence.
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Figure 4.5: Three-point LGI violations within longer measurement se-
quences. Upper and lower curves show K3 versus θ for optimized 7-
and 9-measurement sequences, respectively. Both plots are obtained for
NL = 5 × 108 including scattering and loss effects. In the inset there are
depicted the three optimal sequences of a 7-measurement scheme with delay
θ = pi2 .
Ideally with a constant delay of θ = pi2 between the measurements and with-
out decoherence we should get C35 = C57 = −1, while keeping C37 < 1
due to the various discarded measurements made betweenM3 andM7. In
particular ideally the fact that C37 < 1 is due to the quantum back-action of
the QND measurements.
This scheme shows less violation as compared to extracting the full K7
with the optimal 7-measurement protocol, but requires fewer measurement
sequences and involves calculation of a simpler combination of correlations,
potentially making the test more robust in the presence of experimental
uncertainties.
4.3 Quantifying the clumsiness of QND measure-
ments
The next step is to try to formally address the (NIM) assumption separately
in order to tighten the clumsiness loophole. Here we show in detail that
indeed the fact that the QND measurement has a back action entirely on the
conjugate variable allows to discriminate rigorously between clumsy effects,
like unwanted scattering, and unavoidable quantum disturbance, i.e., the
back action itself. We do this by focusing our attention to study the invasivity
of a QND measurement from a macrorealist perspective and defining an
invasivity parameter similar to Eq. (4.24) but tied to detect our clumsiness.
Let us recall that in abstract probability theories the assumption of
macrorealism (MR) guarantees that, at any time, relative to a set of n ob-
servables, there exists a corresponding joint probability distribution Prideal =
Pr(x1, . . . , xn)(Q1,...,Qn) for the whole set of potential outcomes, indepen-
dently on any actual measurementMi. Then, the assumption of non-invasive
measurability (NIM) implies that from Prideal there can be extracted bivari-
ate marginals Pr(xi, xj)ideal, so to compute the correlations 〈QiQj〉 as
〈QiQj〉 =
∫
dx1 . . . dxnxixj Pr
ideal
. (4.19)
Note that (NIM) implies that the marginals can be extracted all from the
same probability distribution Prideal, independently of the sequence of mea-
surements actually performed. Here we want to avoid this assumption. Thus,
we allow the different Pr(xi, xj)(Qi,Qj) to be independent probability distri-
butions, not necessarily corresponding to marginals of Prideal.
Furthermore, the LGIs (4.8) must hold even in a more “pragmatic” situa-
tion, in which there exists a certain probability distribution Pr(x1, . . . , xn)(Q1,...,Qn)
for the whole set of outcomes from which there are extracted all the Pr(xi, xj)(Qi,Qj).
This happens when, in an n measurement protocol, we perform just a single
sequence of n measurements Sn−seq = (M1 → · · · → Mn) and all the out-
comes are registered. This provides a posteriori a probability distribution
Pr(x1, . . . , xn)n−seq, from which we can compute all the correlators 〈QiQj〉.
In this case Eq. (4.8) must hold, as in the ideal case.
Then, as we discussed concerning the proposal of Wilde and Mizel, in
the simplest case of a 3-measurement protocol it is needed just a quanti-
fier of the clumsiness of the measurement M2, that estimates its potential
contribution to the correlator 〈Q3Q1〉. Our approach to define such quanti-
fier consists in separating the effect of a measurement as coming from two
different contributions
M(Q,P ) =MQ(Q,P ) ◦MP (Q,P ) , (4.20)
with MQ(Q,P ) = (Q′, P ) and MP (Q,P ) = (Q,P ′), i.e., a disturbance
effectMQ on the the measured variable Q itself from a disturbanceMP on
just its conjugate P .
More generally, assuming an initial state described by an outcome proba-
bility distribution Prin(x, p), the effect of the measurement can be described
by a mapping
Pr
in
(x, p) 7→ Pr
in
(M(x, p)) = Pr
out
(x, p) (4.21)
to a different probability distribution Prout(x, p). Then, among the effects
that a measurement can have on the whole probability distribution, we can
quantify the disturbance directly visible into the variable Q by taking a
distance measure
I(MQ) =
∫
|Pr
in
(x)− Pr
out
(x)|dx , (4.22)
between the marginals Prin/out(x) =
∫
Prin/out(x, p)dp relative to its out-
comes.
In a scheme consisting of n-time steps the initial state corresponds to a
probability distribution Prin(x1, . . . , xn, p1, . . . , pn) valued in a 2n-dimensional
phase space. When a sequence S of measurements is performed, the state is
mapped to some Prout(x,p) with x = (x1, . . . , xn) and p = (p1, . . . , pn). To
quantify the disturbance not attributable to the Heisenberg principle, i.e.,
the clumsiness of such sequence we then define a parameter
I(S) =
∫
|Pr
in
(x)− Pr
out
(x)|dx , (4.23)
that is quantifying the effect of the sequence on just the variables x by
considering the marginals Prin/out(x) =
∫
Prin/out(x,p)dp.
Here the intuitive notion of “clumsiness” is formalized as some uncontrol-
lable disturbanceMQ that acts directly on the measured variable Q only and
is distinguished from an indirect disturbance made on its conjugate P that
might act back on Q because of their initial correlations, possibly enhanced
by the time evolution.
S(1,2,3)
S(1,3)
+-
M2
+-
M2
+-
M1
+-
M3
+-
M3
+-
M3
+-
M1
+-
M1S(1,2,3)'
Figure 4.6: Schematic representation of our proposal to quantify the contri-
bution of clumsiness in the simplest 3-measurement LG test. An auxiliary
sequence S(1,2′,3) is performed in whichM2 is right beforeM3. In this way
we quantify the disturbance made by the presence of M2 directly onto the
measured variable Q through Eq. (4.24).
Thus, for a 3-measurement LG test we can define a clumsiness parameter
for the second measurement in the sequence S1,2,3 as
I(M2) =
∫ ∣∣∣Pr(x1, x3)S(1,2′,3) − Pr(x1, x3)S(1,3)∣∣∣ dx1dx3 , (4.24)
by switching off a particular evolution between t1 and t3 and performing
the second measurement at any instant t1 ≤ t′2 ≤ t3. Equivalently, keeping
the evolution between t1 and t3, we can just perform the measurement Q2
right before the third, i.e., with t2 = t3, see Fig. 4.6. In this way only the
contribution of the effect (M2)Q is taken into account as it contributes to
the correlators since the bound
|〈Q3Q1〉(1,2′,3) − 〈Q3Q1〉(1,3)| ≤ I(M2) (4.25)
holds.We can then define a modified LG inequality as
〈Q2Q1〉+ 〈Q3Q2〉+ 〈Q3Q1〉+ I(M2) + 1 ≥ 0 , (4.26)
that takes into account possible unwanted clumsiness of M2. Thus, a vio-
lation of Eq. (4.26) witnesses a disturbance of M2 on a conjugate variable
P that acts back on Q due to the evolution between t1 and t3. In particu-
lar in our protocol involving sequences of QND measurements we correctly
exclude explanations in terms of classical disturbances, since these last can
be correctly quantified through the parameter (4.24), i.e., by performing two
measurements in rapid succession (cf. Fig. 4.6).
Note that the invasivity parameter as defined in Eq. (4.24) is symmetric
in the probability distributions, meaning that equivalently it quantifies the
clumsiness as it contributes to the correlations 〈Q3Q1〉 due to the “absence”
of measurementM2. Moreover, in the case just discussed the measurements
performed are the minimal possible needed to compute the K3 and thus
the outcomes are always registered. However, in order to enhance the vi-
olation, one is free to perform more complicated sequences with additional
measurements, the outcomes of which are not registered, as we have seen
in the 7-measurement protocol that we proposed (cf. Fig. 4.5). Then, one
has to address also the clumsiness of all these additional measurements and
consider their contribution in all the correlators 〈QiQj〉. This can be done
by considering the sequence Sij from which Cij is computed and measure
its clumsiness with respect to a reference sequence Sref that contains the
minimal possible set of measurements, i.e., the n measurements that give
rise to Pr(x) plus eventually the additional measurements contained in all
sequences of the protocol (see Fig. 4.7 as a practical example). These last
can be in a sense thought as part of the time evolution. Thus we define
Iij =
∫ ∣∣∣Pr(xi, xj)S′ij − Pr(xi, xj)Sref ∣∣∣ dxidxj , (4.27)
where the auxiliary sequence S ′ij is made such that the additional measure-
ments not contained in Sref , or vice versa, are performed in rapid succession,
i.e. without time evolution.
In the case in which Sij contains less measurements than Sref the parame-
ter (4.27) quantifies the contribution of the clumsiness due to the “absence” of
these additional measurements, as in the previous case. The n-measurement
LG-like tests resulting from this construction are then the following.
Observation 4.3. (LGIs for clumsy QND measurements) The following set
of inequalities
KIn :=
∑
1≤j≤i≤n
〈QiQj〉+
⌊n
2
⌋
+ I ≥ 0 , (4.28)
where I = ∑i,j Iij is defined according to Eq. (4.27), holds in every n-
measurement scheme under the assumption of Macrorealism even in the pres-
ence of hidden clumsiness that directly perturbs the measured variable Q.
A violation of Eq. (4.28) would prove that either (i) the system is not
macrorealistic or (ii) the evolution reveals a classical disturbance of the mea-
surements that is otherwise completely hidden in a conjugate variable.
Applied to a QND measurement the parameter I correctly quantifies the
disturbance introduced in a sequence with many measurements by effects
such as off-resonant scattering, as we will also show numerically. However
Eq. (4.28) might be employed in other systems as well, allowing to account for
disturbances of the measurements that are not ascribable to the Heisenberg
uncertainty principle.
More in detail our construction exploits the fact that ideally the outcomes
of repeated QND measurements of the same variable Q agree perfectly with
each other. Thus, when the coherent evolution between two measurements
is turned off, the back action only influences some conjugate variable P and
all visible difference between two consecutive outcomes of Q is due entirely
to clumsiness, as well as in the classical case. This is also the advantage
of performing sequences of QND measurements in tests of macrorealism as
compared to other, even indirect, measurements: QND measurements cause
the minimal possible perturbation to the system implied by the Heisenberg
principle, that in particular does not affect directly the measured variable.
The same is not always true for other kinds of measurements.
4.3.1 Numerical results for a realistic potential test
Here let us apply the previous construction to a practical example, i.e., the
simplest measurement scheme providing a visible violation that we described
previously (cf Fig. 4.5). The results will show that indeed even a violation
of Eq. (4.28) can be attained, i.e., the clumsiness loophole can be actually
tightened in a realistic protocol.
Let us consider the protocol depicted in Fig. 4.5. It consists of a series
of three sequences (S(3,5),S(5,7),S(3,7)) of 7 measurements delayed by θ = pi2
constantly between each other. From these sequences the inequality
K3 = C35 + C57 + C37 + 1 ≥ 0 , (4.29)
is checked as a test of macrorealism.
Then, to account for clumsiness, we can compute three parameters (4.27),
one for each correlator, taking as reference the following “minimal” sequence
Sref = (M1
pi
2→M2
pi
2→M3 pi→M5 pi→M7) , (4.30)
that consists of the 5 measurements contained in all sequences.
Since C35 is taken from S(3,5) that is completely equivalent to Sref we
have I35 = 0 identically. Then we have to consider the auxiliary sequences
(see Fig. 4.7)
S ′(3,7) = (M1
pi
2→M2
pi
2→M3 pi→M4 pi→M5 0→M6 0→M7) (4.31a)
S ′(5,7) = (M1
pi
2→M2
pi
2→M3 pi→M4 0→M5 pi→M7) , (4.31b)
and compute
I37 =
∑
y3,y7=±
∣∣∣Pr(y3, y7)S′
(3,7)
− Pr(y3, y7)Sref
∣∣∣ , (4.32)
and in total I = I37 + I57 with I57 analogous to Eq. (4.32). We can then
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Figure 4.7: Two auxiliary sequences of 7 measurements (S ′(3,7),S ′(5,7)) are
performed to compute the parameter I = I37 + I57, as in Eq. (4.32). The
reference sequence Sref contains the measurements performed in every one
of the sequences (S(3,5),S(5,7),S(3,7)) of the protocol.
check numerically the value of I for the protocol of Fig. 4.5. We compute
the covariance matrix resulting from the two sequences needed, i.e., ΓS′
(3,7)
and ΓS′
(5,7)
and the corresponding discretized probabilities, like e.g.,
P (+,+)S′
(3,7)
=
∫
yi≥0,yi≥0
dyidyjG(yi, yj)S′
(3,7)
(4.33)
coming from an underlying continuous Gaussian distribution G(yi, yj)S′
(3,7)
with ~µ = (〈yi〉, 〈yj〉) ' ~0 as mean vector.
We set the scattering parameter as χ = exp(−ηNL) and evaluate numer-
ically I(NL) as a function of the tuneable parameter NL for three values
of the number of atoms NA = {0.5 · 105, 0.2 · 106, 0.5 · 106}, leaving fixed
the other important parameters to their experimental values as before, i.e.,
η = 0.5 · 10−9, g = 10−7.
The results are plotted in Fig. 4.8(left) and also show as desirable that by
increasing the macroscopicity of the system (i.e., the number of atoms NA)
the effect of clumsiness decreases, suggesting that the measurements become
adroit in a classical sense when the size of the system increases.
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Figure 4.8: (left) The invasivity parameter I as a function of NL for NA =
0.5 · 106 (blue), NA = 0.2 · 106 (red), NA = 0.5 · 105 (yellow). (right) The
expression KI3(NL) in Eq. (4.34) evaluated for the same numbers of atoms.
The other parameters are η = 0.5 · 10−9, g = 10−7.
Afterwards we can also directly compute the expressionKI3 as in Eq. (4.28),
i.e.,
KI3 = C35 + C57 + C37 + 1 + I37 + I57 (4.34)
as a function of NL and for the same three values of the number of atoms.
The results are plotted in Fig. 4.8(right) and show that a violation of Eq. (4.28)
can be seen under realistic conditions.
Thus, in this chapter we have shown how it is possible to violate a LGI
in a macroscopic ensemble of N ∼ 106 atoms probed with light in a non-
demolition way. Then we have also shown how to suitably quantify the
clumsiness of the QND measurements and how much it contributes to the
LGI violation. Finally we have shown numerically that, even taking account
of the classical clumsiness, a violation of macrorealism can be achieved in
such macroscopic systems in a realistic setting.
This represents a big step forward as compared to most of the past
proposals and experiments that have been done with microscopic systems
[74, 187, 49, 154, 176, 64, 7, 153, 100, 139] and also with respect to the few
tests performed to date with a macroscopic flux quibit of a SQUID [128, 77],
particularly the experiment of Palacios-Laloy et al [128]. In this last case in
fact, although the result was in very good agreement with the predictions
and showed a significant violation of a LGI, no indication was provided that
the obtained violation could not be due to unwanted or hidden clumsiness.
This was a fundamental weakness of the test that was unavoidable in that
experimental setting, as also explained in [182]. Here, by using a different
system and exploiting the fact that the back action of QND measurements
is initially hidden in the conjugate variable, we were able to tighten to some
extent this loophole. This opens the possibility to use QND measurements
to make clumsiness-free tests of macrorealism in a very wide variety of ex-
perimental settings [24], going from atomic [125, 147] to optical [75] and
opto-mechanical [6, 43] systems and potentially allowing for going up to an
every-day life scale of macroscopicity [43].
To conclude let us write a few words about the definition itself of macro-
scopicity in this framework. Although an intuitive picture of a macroscopic
object might be more or less clear, it is difficult to formalize it as a mathemat-
ical property of a system. Furthermore, in different contexts the definition
can vary a lot [108, 62, 126], depending on the properties that one is inter-
ested to observe. For example, one can define a macroscopically entangled
state [62] as something that is close to a Schrödinger cat state, but this does
not capture the notion of a classical macroscopic state, such as an every-day
life object.
In the case of LG tests, the idea is that the state has to be macroscopic
in a sense similar to our classical intuition and one aims to detect the im-
possibility of assigning a definite value to a macroscopic observable (e.g.,
quoting Einstein, the position of the moon). In particular no entanglement
is needed, but just the state being a superposition of macroscopically dis-
tinct states, or alternatively but equivalently that the measurement has a
macroscopic effect on the observable’s value. One possible definition in this
sense, proposed by Leggett himself [108], is called Extensive Difference and
is computed by taking the difference in expectation values of the measured
(supposed macroscopic) quantity between two states and compare it to some
“reference” value for the specific system. Although quite naive, this is the
only definition to date that goes in the direction of quantifying how macro-
scopically the measured observable is perturbed by the measurement. In
the system that we are considering here, i.e., ensembles of cold atoms, the
extensive difference can be roughly estimated to scale as ∼ √N .
A satisfactory formal definition of macroscopicity, however, is still lacking
and it is an interesting open question to provide a quantitative parameter
that allows to compare the macroscopicity of different experimental settings.
Chapter 5
Conclusions and future
directions
5.1 Further developments on Spin Squeezing pa-
rameters
The results that we have shown in Sec. 3.2.1, in particular Obs. 3.3 can
be easily generalized further in several directions. First of all, we said that
the only condition needed to derive Eq. (3.19) is a LUR constraint (namely
Eq. (3.20)). Then one can easily show that similar entanglement conditions
can be found for other sets of collective observables {Ak}, provided that
some LUR constraint
∑
k(∆ak)
2 ≥ const. holds for the local components of
Ak.
su(d) Squeezing Inequalities. For example, for a system of d-level par-
ticles the space of local operators is wider and spanned by an su(d) ba-
sis. Then, a set of entanglement criteria based on an su(d) collective basis
Gk =
∑
n g
(n)
k can be derived for ensembles of many qudits based on the
same reasoning of Obs. 3.3 (see Ref. [173]).
Observation 5.1. (su(d)-squeezing inequalities). Consider a system of N
particles with d levels and the d2 − 1 collective su(d) generators {Gk =∑
n g
(n)
k }, constructed from a basis {gk} of the su(d) algebra [gk, gl] = ifklmgm.
The following set of inequalities
(N − 1)
∑
k∈I
(∆˜Gk)
2 −
∑
k/∈I
〈G˜2k〉+ 2N(N − 1)
d− 1
d
≥ 0, (5.1)
holds for all separable states for all subsets I of indices k ∈ {0, . . . , d2 − 1}.
In Eq. (5.1) we defined the modified second moments as 〈G˜2k〉 = 〈G˜2k〉 −∑
n〈(g(n)k )2〉 and analogously the modified variance (∆˜Gk)2.
128
For brevity we omit the proof of the statement, that however is based on
the existence of a LUR constraint
∑
k(∆gk)
2 ≥ 2(d−1) for the single particle
su(d) generators [173]. Thus, every state ρ that violates one inequality in
the set Eq. (5.1) must be entangled.
Then, analogously as in Sec. 3.2.1 one can derive a single su(d)-squeezing
parameter that embraces the whole set (5.1) and show that it is invariant un-
der all the operations U⊗N with unitary U . Even more, the su(d) squeezing
parameter can be shown to be a monotone under permutationally invariant
separable operations and can be thus used as a measure of entanglement in
permutationally invariant systems [174].
In fact such a set of inequalities is complete, i.e., no more inequalities can
be added to the set in order to detect more entangled states, when only the
second moments of collective quantities can be measured. So far all the spin
squeezing inequalities are based on permutationally invariant quantities, like
the variances of collective operators. A natural generalization would then be
to give up this symmetry.
Translationally invariant inequalities. To go a step further then, one
can consider sets of operators that are not permutationally invariant, but
still translationally invariant. For example the following operators
(JTI)l(q) =
∑
n
eiqnj
(n)
l , (5.2)
where q ∈ R is a real number, are a translationally, but not permutationally
invariant generalizations of the collective spin components1. These operators
are not Hermitean, but still one can define some modified second moments
as
〈(J˜TI)2l (q)〉 := 〈(JTI)†l (q)(JTI)l(q)〉 −
∑
n
〈(j(n)l )2〉 =
∑
n 6=m
eiq(n−m)〈j(n)l j(m)l 〉 ,
(5.3)
and the corresponding modified variances (∆˜(JTI)l)2(q) := 〈(J˜TI)2l (q)〉 −
〈(JTI)†l (q)〉〈(JTI)l(q)〉.
Then one can prove the following
Observation 5.2. (Translationally invariant SSIs). Every inequality in the
following set
(N − 1)
∑
l∈I
(∆˜(JTI)l)
2(q)−
∑
l /∈I
〈(J˜TI)2l (q)〉+N(N − 1)j2 ≥ 0 , (5.4)
must be satisfied by all separable states of N spin-j particles for all possible
subsets I of indices k ∈ {x, y, z} and every real number q ∈ R.
1Here we put a single real number q in the definition, but in general for each component
Jl a different scalar component ql of a vector ~q = (qx, qy, qz) can be considered.
Again, Eq. (5.4) is derived with exactly the same reasoning as in Obs. 3.3.
In fact, still in this case the only constraint needed is Eq. (3.20). In this case
to find a suitable single parameter one should optimize over all subsets I and
all real numbers q. This would provide a characterization of full separability
in systems in which only the translationally invariant quantities (5.3) can be
measured. A specific example of such a situation is provided by solid state
systems probed with neutron scattering, where (5.3) can be extracted from
the corresponding scattering cross sections [120].
k-entanglement and k-range criteria. Finally, another natural exten-
sion of the spin squeezing inequalities, partly already made and discussed in
Sec. 3.2.3, is to find criteria for the detection of the depth of entanglement,
or analogously of the so called range of entanglement. This last is usually
considered in many body states that are thermal states of spin chain models
and consists in the minimal distance k between two entangled sites of a chain.
To define such extended framework we can make a sort of coarse graining of
a multi-spin system by considering e.g., collective spins Lm =
∑k
n=1 j
(n)
m for
groups of k particles as a local basis from which to construct the collective
operators
Jm =
N/k∑
n′=1
L(n
′)
m , (5.5)
where the index n′ labels the different groups of k particles, Nk being their
total number. In this case the local variance would satisfy a Bloch vector
length condition 〈Lm〉2 ≤ (kj)2 and we can still use this constraint to derive
SSIs. In fact we are basically considering the collective operators {Jm} for
systems of Nk spin-kj particles.
We can define the modified second moments as
〈J˜2m,k〉 := 〈J2m〉−
N/k∑
n′=1
〈(L(n′)m )2〉 = 〈J2m〉−
∑
n
〈(j(n)m )2〉−
N/k∑
n′=1
k∑
n 6=l=1
〈(j(n)m j(l)m )(n
′)〉 ,
(5.6)
where the label k refers to a coarse graining in groups of k particles and
one can note that there is an additional subtracted term with respect to
Eq. (3.24), i.e.,
〈J˜2m,k〉 = 〈J˜2m〉 −
N/k∑
n′=1
k∑
n6=l=1
〈(j(n)m j(l)m )(n
′)〉 , (5.7)
and in particular if we assume permutationally invariance, we can simplify
it to
〈J˜2m,k〉 = 〈J˜2m〉 −N(k − 1)〈jm ⊗ jm〉 = N(N − k)〈jm ⊗ jm〉 =
N − k
N − 1 〈J˜
2
m〉 ,
(5.8)
where 〈jm ⊗ jm〉 is the bipartite correlation, that is equal between all the
couples of particles. Then, one can derive spin squeezing inequalities based
on 〈J˜2m,k〉 that can distinguish the depth or the range of entanglement2. For
example we can find the following (analytical) condition, that would detect
the depth of entanglement of states close to Dicke states.
Observation 5.3. (Linear SSI for the depth of entanglement). The follow-
ing inequality
N − k
k
(
N − k
N − 1 〈J˜
2
z 〉 − 〈Jz〉2
)
− N − k
N − 1
(
〈J˜2x〉+ 〈J˜2y 〉
)
+N(N − k)j2 ≥ 0 ,
(5.9)
where J˜2m and (∆˜Jm)2 are defined as in Eq. (3.24), must be satisfied by all
permutationally invariant k producible states of N spin-j particles.
Proof. Let us consider the coarse grained local operators for a group of k
particles Lm =
∑k
n=1 j
(n)
m and let us define the modified second moments
〈J˜2m,k〉 as in Eq. (5.6). Following the same reasoning as in Obs. 3.3, but
substituting N → Nk , 〈J˜2m〉 → 〈J˜2m,k〉 and exploiting the bound 〈Lm〉2 ≤
(kj)2 for the local operators we find that the following set of inequalities(
N
k
− 1
)∑
m∈I
(∆˜Jm,k)
2 −
∑
m/∈I
〈J˜2m,k〉+
N
k
(
N
k
− 1
)
k2j2 ≥ 0 , (5.10)
where I is any subset of indices m ∈ {x, y, z} must hold for all states that
are separable in groups of k particles, i.e., all k producible states. Let us
choose I = {z}. We have that Eq. (5.10) reduces to(
N
k
− 1
)
(∆˜Jz,k)
2 −
(
〈J˜2x,k〉+ 〈J˜2y,k〉
)
+
N
k
(
N
k
− 1
)
k2j2 ≥ 0 , (5.11)
and assuming permutational invariance we have 〈J˜2m,k〉 = N−kN−1 〈J˜2m〉, which
proves the statement.
As a comment, note that here we are using the same modified second
moments as for Eq. (3.19) and that the unpolarized Dicke state violates
Eq. (5.9) for all k < N and is detected as N entangled as it should. This
inequality has some advantages with respect to Eq. (3.50) being analytical
and linear. It can be also straightforwardly extended to system with fluctu-
ating number of particles. The price that we pay is that we have to compute
the average local second moments
∑
n〈(j(n)m )2〉 and assume that the state is
permutationally invariant. Also, Eq. (3.50) is an optimal inequality, while it
is not clear whether Eq. (5.9) can detect the same set of states or a smaller
one.
2Note that a state with entanglement depth equal to k has also a range of entanglement
of k but not vice-versa.
We conclude here by leaving open an additional question for further
investigation. We have already seen that in general we can give up the
assumption of fixed number of particles and allow a fluctuating 〈N〉 and also
that such generalization is not only possible, but also desirable for many
experimental situations. Another natural question is then: does it make
sense to give up also the assumption of fixed local dimension d = 2j + 1
and allow a fluctuating number of levels 〈d〉 accessible to the particles (or
analogously a fluctuating spin quantum number 〈j〉)?
5.1.1 Spin Squeezing in spin models
Another interesting question is to study entanglement in a thermal state and
look at possible connections with its thermodynamical properties. As usual,
a possibility is to study the simplest models available in the literature, for
which they are known or they can be computed numerically the eigenenergies
and some properties of the thermal states.
In [161, 171] it has already been shown that indeed the optimal SSIs
can detect as entangled thermal states of spin models. In particular very
interestingly entangled states can been detected such that they are PPT for
all possible bipartitions of the N -particle system. Furthermore, for some
permutationally invariant models, spin squeezing was also connected to en-
tanglement and quantum criticality [168, 169, 177].
Thus, those numerical results indicate that the SSIs can be very useful
in detecting entanglement in spin models, especially mean field models, that
have a permutationally invariant hamiltonian3, opening the possibility to use
thermodinamical quantities, like energy [157] and susceptibilities [181, 31] as
entanglement witnesses for condensed matter systems (see also the review
article [4] and references therein).
Furthermore, it has become widely known that the behavior of entangle-
ment in thermal states is influenced by the underlying quantum criticality
of the Hamiltonian (see [4] and references therein). The ground state be-
comes somehow highly entangled when approaching a quantum critical point.
Moreover the scaling of bipartite entanglement with the size of the partition
depends on the universality class of the transition [143, 167, 32, 33, 44, 34].
On the other hand, much less is known about entanglement in the thermal
states even at very small temperatures above the quantum critical points.
Therefore it is very interesting to study spin squeezing in thermal states of
models that are quantum critical: on the one hand by extending the study of
Refs. [168, 169, 177] and analyzing our generalized Spin Squeezing parame-
ter (3.45) in permutationally invariant quantum critical models, such as the
Lipkin-Meshkov-Glick [114, 124, 73] or the Dicke model [47]. On the other
hand, it would be very interesting to compute Eq. (3.45) in translationally
3In fact the SSIs are very efficient in detecting permutationally invariant states. See
also the discussion in Appendix B
invariant models, that are more suitable to describe actual condensed matter
systems.
SS in thermal states of XY chains. As a toy example one can try to
study entanglement of a thermal state of the XY model [55, 13, 12, 11, 121].
As usually we choose these models because on the one hand they are so simple
that entanglement of the thermal states might be studied also analytically
[93]. On the other hand they are complex enough to show non trivial and
universal phenomena, like quantum phase transitions (see also [143]). Thus
let us consider the XY Hamiltonian written as
H =
N∑
i=1
r cos(θ) cos(φ)σxi σ
x
i+1 + r cos(θ) sin(φ)σ
y
i σ
y
i+1 + r sin(θ)σ
z
i . (5.12)
where we used a set of polar couplings r, cos(θ), cos(φ) such that the char-
acteristic energy scale of the system is the single parameter r. Afterwards,
we will be mainly interested in the ratio between this energy scale and the
temperature ω = βr.
Another energy scale that is important in quantum phase transitions is
the first gap ∆ = E1 − E0. The energy levels of the model are
k = r
√
(sin θ − cos θ cosϕk)2 + δ2 sin2 ϕk, (5.13)
and in particular, the first gap of respectively the XX and the Ising model
assume the forms
∆XX = 0 for | sin θ/ cos θ| ≤ 1 , (5.14)
∆Is = 2r| sin θ − cos θ|, (5.15)
thus, the XX model is quantum critical (gapless) in the whole | sin θ/ cos θ| ≤
1 region, while the Ising model becomes critical when θ = pi/2 + npi.
In the recent literature there have been found connections between the
criticality of the system and the scaling of bipartite entanglement between
two blocks [167, 32, 93, 33, 44, 34, 35], or of their mutual information [122,
150].
Here we might follow a sort of complementary approach and try to con-
nect the quantum criticality with the genuine multipartite entanglement of
the whole system.
Moreover there is also a region, r2 = 1, in the XY phase plane in which
the ground state is factorized, and thus not entangled. There it would be
interesting to see whether for small temperatures the state becomes entan-
gled or not. Some numerical studies and conjectures about this have already
been made.
We might study our generalized Spin Squeezing parameter of Eq. (3.45)
ξ2G(ρ,N) :=
Tr(Γρ)−
∑I
k=1 λ
>0
k (Zρ)
Nj
, (5.16)
also as a function of N and compare it with other entanglement measures. In
this respect, we can consider first theN = 2 particles parameter and compare
it with e.g., the concurrence [70, 188], that for states that are invariant under
translations, parity and reflections, has the following expression
C := 1
2
max{0, CI , CII} , (5.17)
where
CII =
√
(〈σx ⊗ σx〉 − 〈σy ⊗ σy〉)2 −
√
(1− 〈σz ⊗ σz〉)2 , (5.18)
and
CI =
√
(〈σx ⊗ σx〉+ 〈σy ⊗ σy〉)2−
√
(1 + 〈σz ⊗ σz〉)2 − 4〈σz ⊗ 1〉2 . (5.19)
The concurrence might seem quite unrelated to the Spin Squeezing param-
eter. However, we can see that for states with certain symmetries the two
measures actually coincide. For example for states that have 〈σz ⊗ 1〉2 = 0
and all the three correlations are negative 〈σk⊗σk〉 < 0. These states appear
precisely as thermal states of certain XY spin chains and numerically it can
be seen that in that case the two measures C(ρ) and ξ2G(ρ, 2) do coincide
[170] (see also [70, 188]).
The scaling limit of SS parameter. In the critical regions a system
becomes scale invariant and one can apply the renormalization group method
to extract information about observable quantities. In the vicinity of critical
points the system becomes also universal, in the sense that the microscopic
details of the model are not important: any model in the critical point can
be described by a quantum field theory that is the universal theory for the
specific transition. For example, the universal theory describing the quantum
XX critical line is the following free bosonic theory (in imaginary time) [143]
L = 1
2pivF
(
(∂τφ)
2 + v2F (∇φ)2
)
, (5.20)
where vF := 4ra and a is the lattice spacing. In the scaling limit the scale
becomes the velocity vF in spite of the coupling strength r.
Numerically it is easy to compute ξ2G(ρ,N) and study its scaling [170],
for example in the vicinity of quantum critical points and it reproduces some
of the well known results obtained with Conformal Field Theories [167, 32,
33, 34].
On the other hand, we might also try to define analytically ξ2G(ρ,∞) in
a scaling limit
N →∞ , a→ 0 , l := aN = const. , (5.21)
where we left the generality of having a chain of finite length l. It could be
used as a witness of quantum criticality and even measured experimentally,
e.g., with neutron scattering, to detect a Quantum Phase Transition in a real
system. Another interesting fact is that it just depends on the ratio between
the temperature and the coupling strength ω = T/vF . Therefore it might
have a non trivial behaviour also for high temperatures T ∼ vF , provided
that either the coupling J or the external field h are big enough.
There is a conceptual issue however, coming from the scaling limit of
the correlation function Cd = 〈j(0)k j(d)k 〉. We have to substitute the integer
discrete distance d with a real continuous variable x := da and since a → 0
consider the correlations at large distances d 1 in order to compute C(x)
at finite x. Moreover it generally makes sense to study just the asymptotic
behaviour x  ζ(ω) of C(x) with respect to some length scale ζ(ω). On
the contrary, ξ2G(ρ,N) contains the correlations at all length scales, i.e., for
1 ≤ d ≤ N . It is an expression that, being permutationally invariant takes
account of average correlations between all the N spins.
Thus there is a tension that we have to resolve in some way. An idea
might be to e.g., set some non-universal constant like limx→0C(x) := α, that
we compute in some specific models. Also, for translational invariant sys-
tems other possibilities might come from studying a translationally invariant
extended parameter (see Eq. (5.4) and the related discussion).
5.2 Applications of QND measurement based LG
tests
The other topic that we investigated in this thesis has been the foundational
question of experimentally disproving the independence of observable values
from measurements. In particular we have proposed to witness the dis-
turbance implied by the Heisenberg uncertainty principle using QND mea-
surements, thought to be the quantum measurements closest to the ideal
non-invasive and adapt for an LG-like test.
We have shown that a test in a system consisting of millions of atoms
is already feasible, and would provide an evidence of truly quantum effects
at a macroscopic scale independently from entanglement. Moreover we have
provided a way to quantify the clumsiness of a QND measurement, that in
principle allows to make in the future clumsiness-free LG tests in different
experimental settings [24, 125, 147, 75, 6, 43] and up to bigger and bigger
scales. Thus, the next natural step would be to try to increase the scale
as much as possible so to push the ideal boundary of the quantum/classical
divide forward, up to an every-day life scale [43]
On the other hand, afterwards we can also try to extend further the
idea and go beyond a close to original, clumsiness free, LG test. In fact,
with the experiment that we propose we aim to show that the statistical
correlations coming from quantum theory cannot be explained in terms of
a more fundamental classical theory in a way complementary with respect
to Bell tests. We want to experimentally show to some extent that there
is an ultimate limit on the trade off between precision in a measurement
and disturbance on the measured system; a fact stated as the Heisenberg
uncertainty principle.
This has been always one of the issues with quantum theory from a
macrorealist viewpoint. Another fundamental one, actually a true problem of
the theory, has been termed the measurement problem: what happens to the
actual state of a system after a measurement is made? Does the collapse of
the state physically happen? How is it compatible with the unitary evolution,
then?
Investigating the measurement problem Thus, on the one hand we
can extend the foundational study itself and look more deeply at the mea-
surement problem. One idea could be to decompose the protocol that we
proposed, by looking separately at all the ingredients that contribute to the
violation of a LGI. This means at first to decompose the QND measurement
in all its passages: (i) the preparation of the system, (ii) the preparation
of the probe, (iii) the system-meter interaction, (iv) the projective measure-
ment of the probe.
This is a decomposition that follows the lines of the original formaliza-
tion of a quantum measurement, made at first by von Neumann and later
improved in several directions by many other authors. Then, we can see how
every single element contributes to the violation of a LGI and how classical
noise affects each of them.
In particular, we have defined a quantifier for the clumsiness, with the
idea that it comes mainly from a noisy system-meter interaction. We can
then look for more advanced strategies that might reveal more in detail where
the clumsiness actually comes from and how to limit it as much as possi-
ble. For example, an open question in this respect could be: does it help
to have an initial state of the system that is spin squeezed? And a probe
polarization-squeezed light? Is the spin squeezing parameter connected to
the LGI violation? And eventually, which particular Spin Squeezing param-
eter quantifies this the better?
Also, we can study quantitatively the single effect of the final projective
measurement of the probe and how it influences the LG test. In fact we
know that actually the quantum back action comes all from the system-
meter interaction and is later revealed by an independent free evolution of
the system. Thus, a question arises from our study: does the projection
influence the violation of an LGI at all? Can we avoid to account for this
effect to explain the whole result of the test?
Later one can also study in more details what happens when the free
evolution of the system is turned on. We know that this affects the LG
test in revealing the quantum back action, otherwise hidden in a conjugate
variable. A refinement of our study can then be to try to separately take
into account an imperfect evolution and contrive even more the explanation
of an LGI violation in terms of clumsy measurements. This would put more
severe constraints on the presence of fundamental disturbances on the sys-
tem, confining quantitatively the contribution coming from the Heisenberg
principle.
Finally one can also ask the question: is there any reasonable classical
model of evolution and invasive measurements that could explain the LGI
violation as resulting from our protocol?
Extended figures of merit for QND measurements On the other
hand we can try to complement the analysis of quantum measurements by re-
lating our results, and in particular the invasivity parameter that we defined,
with existing figures of merit for non-classicality of QND measurements.
It is in fact well known that to be genuinely QND a measurement should
fulfill basically two criteria [24, 75, 125]: a good quantum-state preparation,
that consists in the ability to generate correlations between the meter and
the output signal variable and an information-damage trade-off that involves
the ability to correlate the meter with the input system variable.
To show experimentally that a genuine QND measurement has been per-
formed there are different figures of merit. In particular in the literature
there are two generally accepted quantitative criteria that define a Standard
Quantum Limit for the QND measurement, a threshold below which such
measurements can be considered non-classical.
The quantities needed are ∆X2M , which describes the noise in the mea-
surement referred to the input, ∆X2S , i.e., the variance in the system added
by the measurement and the post measurement conditional variance ∆X2S|M .
All of them have to be normalized with respect to some Standard Quantum
Limit defined independently.
Then, for the information-damage trade-off criteria of non-classicality one
asks ∆X2M∆X
2
S < 1, while ∆X
2
S|M < 1 signs a non classical quantum-state
preparation.
To show genuine QND features in atomic ensembles a protocol discussed
in [125] was adopted that consists of three measurements where the phase
φ =
S
(out)
y
S
(in)
x
is measured. With the variances of the first two measurements one
quantifies the QND genuineness of the process. In particular one measures
var(Jz|φ1) = var(φ1 − χφ2) − var(φRO), where χ ≡ cov(φ1, φ2)var(φ1) and
var(φRO) is the variance of read out, i.e., the polarization variance of the
input light pulse.
To quantify the damage due to the mesurement one needs to compare
the correlations among all three measurements and consider the parameter
rA ≡ c˜ov(φ1, φ3)/c˜ov(φ1, φ2) where c˜ov(X) ≡ cov(X) − cov(XRO), so to
define the following figures of merit
∆X2M =
var(φ1)
J0
, ∆X2S =
v˜ar(φ2)− v˜ar(φ1)
rAJ0
, (5.22)
∆X2S|M =
var(Jz|φ1)
rAJ0
, (5.23)
where J0 = NA4 is the variance of an input completely x-polarized atomic
state. With these definitions one can then use the above mentioned non-
classicality criteria ∆X2M∆X
2
S < 1 and ∆X
2
S|M < 1.
It is worth to emphasize that the protocol employed consists of a sequence
of three consecutive measurements with very small delay, in some analogy
with what we proposed in order to quantify the clumsiness in an LG test. An
important difference is that the quantifier that we used for the clumsiness is
taken from the whole output probability distributions, while these figures of
merit for non-classicality are based on just variances and covariances.
Note also that the SQL can be defined with some degree of arbitrariness
and therefore a non-classicality criterion could come from a violation of a LGI
as well. We can then try to look at how our clumsiness parameter is related
to these existing figures of merit for QND measurements and try to define an
improved one that takes the LGI violation as standard, device-independent
reference for non-classicality in that framework.
5.3 Conclusions
To end the thesis let us summarize and try to draw some general conclusions
from this work. Our study has been mainly oriented to theoretical founda-
tional questions of quantum mechanics, to witness “truly quantum” effects,
such as entanglement and the violation of realism, at macroscopic scales.
A particular focus has been given to spin systems composed of very many
particles and Gaussian states, i.e., roughly speaking, states that can be de-
scribed in a collective Bloch sphere. In particular, Spin Squeezed States
have been investigated with some depth in their connection to multipartite
entanglement, as opposed to the near-to-classical Coherent Spin States. An
optimal spin squeezing parameter has been defined that characterizes the
full separability of Gaussian spin states of a large number of particles (i.e.,
of some macroscopic collective spin states) and other criteria have been de-
veloped that can detect very efficiently their depth of entanglement. Thus,
in this framework the quantumness is detected in spin squeezed states as
the presence of multipartite entanglement and this can be done efficiently in
many actual experiments, also at macroscopic scales.
On the other hand, we have also shown that even CSS, when probed
with QND measurements, can be used to witness non-classical features of
quantum mechanics at macroscopic scales, namely the violation of macrore-
alism. In that case entanglement is not needed to see the quantumness of
the system, although it is intriguing to study possible connections between
violation of macrorealism in atomic ensembles and spin squeezing.
In the end, to summarize it, we studied what can be called the quan-
tum/classical divide, especially focusing on macroscopic objects. Then, what
did we learn from these studies about the difference between classical and
quantum principles?
First of all, we learned that there is a very large ambiguity in the very
definition of the quantum/classical divide. We have seen already within the
framework of spin squeezed states that several different and not-so-related
definitions of Standard Quantum Limit can be given. Many times “quan-
tumness” is defined merely as the presence of entanglement, a phenomenon
that violates classical principles. Certainly, in this sense entanglement shows
the quantumness of a state. However, from this point of view there is an
ambiguity in the definition: the same system can be considered as a single
whole or as composed of parties, according to a certain labelling. Then, un-
less there is some intrinsic way of distinguish the subsystems (such as e.g.,
different spatial locations) the labelling can be completely arbitrary and the
state can be viewed equivalently as entangled or not.
Furthermore we have also seen that even “classical” states can provide
evidence of macroscopic quantum effects, such as the violation of macrore-
alism. Thus, once more, the question remains largely open: where is the
substantial difference between almost-classical and truly-quantum objects?
We have seen that the Heisenberg uncertainty relations are connected,
though in different ways to both the detection of entanglement in many par-
ticle states and to the violation of macrorealism. Maybe then, a suggestion
that comes out from our study is that the direction to follow is to look at
the possible incompatibility between observables and the minimal mutual
uncertainty that one induces onto the other.
Ultimately, we might argue that the main incompatibility of quantum
mechanics with classical principles is that it is impossible, according to QM,
to assign definite values to incompatible observables on the same state prior
to and independent of any measurement performed on the system. This is the
lack of realism that troubles whoever wants to interpret the quantum wave
function as the ontic state of the system. According to QM the outcomes of
observables depend on the context in which they are measured. A property
that can be interpreted as the fact that measurements have always an effect
on the whole system, even if it is composed by space-like distant parties.
Then, a suggestion is that the viewpoint can be switched from states to
observables and try to resolve the ambiguity in defining the quantumness of
a state by looking at the uncertainty principle to be satisfied by incompatible
observables. In this respect, further developments in the study of Leggett-
Garg-like tests might help, as being complementary to other analogous tests
of quantum principles, like tests of non-contextuality and of non-locality.
On the other hand, Coherent States are widely thought to be the nearest-
to-classical states in many respects. Even in some cases one can define the
quantumness of the state whenever it is somehow very different from a CS,
for example by having a high degree of squeezing or a negative Wigner func-
tion. One of their characteristic is that they saturate Heisenberg uncertainty
relations with two incompatible observables having the same uncertainty.
Thus, looking deeper at the difference between Squeezed/Coherent states
might also help to understand the meaning of the fundamental unrealism
introduced by quantum mechanics as stated in the Heisenberg uncertainty
principle and define somehow univocally the quantum/classical divide. This
last, however, is widely thought not to be a very sharp bound (something
similar to a universal Standard Quantum Limit) and it is still not clearly
connected to the “macroscopicity” of the system, that is something not even
properly defined yet.

Appendix A
Gaussian states formalism and
QND measurements
A.1 Definition of Gaussian states
We have seen in Sec. 2.3.3 that a zˆ-polarized Coherent Spin State can be
described with a binomial probability distribution for the outcomes of Jz,
as in Eq. (2.94). Then, in the limit of large number of particles N  1
this distribution can be well approximated by a Gaussian with mean value
〈Jx〉 = 0 and variance (∆Jx)2 = N4 . This probability distribution is given
by the coefficients of the state |Φz−CSS〉 = |J, Jz〉z with respect to the basis
|J, Jx〉x, i.e.,
Pr(J (out)x = x) =
∣∣∣∣〈J, Jz|J, x〉x∣∣∣∣2 N→∞' 1√piN/2 exp
(
−2x
2
N
)
, (A.1)
that is a Gaussian with mean µx = 〈J (out)x 〉 = 0 and variance σ2x = (∆J (out)x )2 =
N
4 in the approximation of continuously distributed outcomes. The same rea-
soning can be made for the outcomes of the conjugate spin component Jy,
that are distributed according to
Pr(J (out)y = y) =
∣∣∣∣〈J, Jz|J, y〉y∣∣∣∣2 N→∞' 1√piN/2 exp
(
−2y
2
N
)
, (A.2)
that is again a Gaussian with mean µy = 〈J (out)y 〉 = 0 and variance σ2y =
(∆J
(out)
y )2 =
N
4 in the same limit. Note, however, that since Jx and Jy are
not compatible with each other, there is not a joint probability distribution
for the outcomes of the two observables. A Spin Squeezed State can be
also described very similarly with a Gaussian distribution function for the
outcomes of Jx (or Jy)
Pr(J (out)x = x)
N→∞' 1√
piξ2N/2
exp
(
−2(x− µx)
2
ξ2N
)
, (A.3)
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with a mean value µx 6= 0 in general (but that can be put back to zero
with feedback schemes) and a squeezed variance σ2x = ξ2
N
4 . Ideally, the
probability distribution for the conjugate variable is such that σ2y =
N
4ξ2
, but
is still a Gaussian. All these are examples of states belonging to a class of so
called Gaussian states. Basically these are states that can be described just
in terms of the first two moments of the collective spin components Jk, since
they have Gaussian probability distribution for their outcomes. For general
mixed states we have the following definition
Definition A.1. (Gaussian states). Let us consider a density matrix ρ
and a vector of operators ~V = (V1, . . . , Vn) acting on the Hilbert space of
states. Then the state ρ is called Gaussian whenever the outcome probability
distribution
Pr(Vk = xk) = Tr(ρ|xk〉k〈xk|) = G(µk, σk) (A.4)
is a Gaussian function G(µk, σ2k) with a certain mean value µk = 〈Vk〉 and
variance σ2k = (∆Vk)
2 for all vector components Vk.
In general there is not a joint probability distribution Pr(x1, . . . , xn) for
the outcomes of all the components (V1, . . . , Vn) whenever [Vk, Vl] 6= 0 for
some indices (k, l). However we can still define a vector of mean values 〈~V 〉
and a covariance matrix1
ΓV :=
1
2
〈~V ∧ ~V + (~V ∧ ~V )T 〉 − 〈~V 〉 ∧ 〈~V 〉 (A.5)
and extract all the information about a Gaussian state just from those quan-
tities.
Thus the mean vector 〈 ~J〉 and the covariance matrix ΓJ are in a sense
the defining quantities of a Gaussian spin state and the only constraints to
the physicality of a certain state are given by some form of the Heisenberg
uncertainty relations involving just those first two moments. To give a more
intuitive picture, a Gaussian spin state can be imagined as a point (corre-
sponding to the vector 〈 ~J〉) in a Bloch sphere, surrounded by an uncertainty
region given by the covariance matrix ΓJ .
For states that are (almost) completely polarized in a certain direc-
tion zˆ we can apply the Holstein-Primakoff mapping from the su(2) to
the Heisenberg-Weyl algebras, already introduced in Obs. 2.2. In the limit
N  1 in which the zˆ spin component can be considered constant Jz ' Nj1
we can define the operators
(x, p) =
(
Jx√〈Jz〉 , Jy√〈Jz〉
)
'
(
Jx√
Nj
,
Jy√
Nj
)
, (A.6)
1Note that for collective spin components these are the same definitions that we used
in the previous chapter, e.g., Γkl = 12 〈JkJl + JlJk〉 − 〈Jk〉〈Jl〉 as in Eq. (3.38)
which satisfy the Heisenberg-Weyl commutation relations [x, p] = 2i1. In
this way the definition of Gaussian states is given in terms of the corre-
sponding quadrature phase (x, p) operators in analogy with the single mode
bosonic Gaussian states
Definition A.2. (Bosonic Gaussian states). Let us consider a sin-
gle bosonic mode with quadrature phase operators ~X = (x, p) obeying the
Heisenberg-Weyl commutation relations [x, p] = 2i1. We define the Wigner
quasi-probability distribution as
W (xout, pout) =
1
pi
∫
da〈xout − a|ρ|xout + a〉e−iapout , (A.7)
where ρ is the density matrix describing the state of the mode and (xout, pout)
are the eigenvalues of the quadrature phase operators. Here the operator
D(a) = eiap for a ∈ R is called Weyl or displacement operator and χρ(a) =
Tr(ρD(a)) = 〈xout − a|ρ|xout + a〉 is called characteristic function.
Then, a state is called Gaussian whenever χρ(a) is a Gaussian function
of a, or equivalently
W (xout, pout) =
1
2pi
√
det Γ
exp
(
−1
2
(δ ~Xout)TΓ−1δ ~Xout
)
, (A.8)
where we defined the vector δ ~Xout = (xout − 〈x〉, pout − 〈p〉) of fluctuations
about the mean, is a Gaussian function of (xout, pout).
A single mode bosonic Gaussian state can be completely characterised by
the mean vector 〈 ~X〉 = (〈x〉, 〈p〉) and the covariance matrix ΓX = 12〈 ~X∧ ~X+
( ~X∧ ~X)T 〉−〈 ~X〉∧〈 ~X〉 and to be a physical state has to satisfy an Heisenberg
uncertainty relation of the form
ΓX + iΣX ≥ 0 , (A.9)
where 2i(ΣX)kl = [Xk, Xl].
Note that W (xout, pout) need not to be a true probability distribution
and in general can attain negative values. However for Gaussian states it
is always positive. Geometrically, by identifying a completely polarized spin
Gaussian state with a single mode bosonic Gaussian state we are mapping
the Bloch sphere into the Heisenberg-Weyl plane. This mapping in fact
holds in the asymptotic limit in which the radius of the sphere (i.e., the spin
length Nj) goes to infinity N  1. In this approximation, in particular, the
spin components Jk can be assumed to have a continuous and unbounded
spectrum of outcomes |J (out)k | ≤ Nj →∞.
A.2 Gaussian coherent rotations, QND measure-
ments and noise
Within the framework of Gaussian states one can define operations that
map Gaussian states into Gaussian states. In total generality these can
be described as linear operations acting on the mean vector 〈~V 〉 and the
covariance matrix ΓV
〈~V 〉 7→M〈~V 〉+NV , (A.10a)
ΓV 7→MΓVMT +NΓ , (A.10b)
where M , NV and NΓ are real matrices. These, in order to be completely
positive and trace non-increasing maps have to satisfy additional constraints,
such that basically the Heisenberg uncertainty relations are preserved.
In the following let us focus on the particular system composed by an en-
semble of NA atoms interacting with pulses of NL photons. The atomic state
can be described by the collective spin vector of operators ~J = (Jx, Jy, Jz),
with Jk =
∑NA
i=1 j
(i)
k , while the light pulses are conveniently described by
the Stokes vectors ~S = (Sx, Sy, Sz), with Sk = 12(a+, a−)
†σk(a+, a−) and a±
being the annihilation operators for circular plus-minus polarizations2.
To describe a Gaussian state of the whole system we consider the joint
vector
~V = ~J ⊕ ~S(1) ⊕ · · · ⊕ ~S(np) , (A.11)
where np is the total number of light pulses, and correspondingly the mean
vector 〈V 〉 and the covariance matrix ΓV . Here we will describe, among
all, basically three kinds of Gaussian operations: coherent rotations, QND
measurements and decoherence due to classical noise. All of them can
be described as linear maps at the level of the covariance matrix, as in
Eqs. (A.10a).
Atomic rotation driven by external field When the atomic ensembles
are subject to an external magnetic field, they experience a spin rotation
driven by an Hamiltonian like
HB = κ ~J · ~B , (A.12)
where ~B is described as a classical external field. Accordingly, after an inter-
action time of ∆t the mean vector and the covariance matrix are modified
just in their atomic part as
〈 ~J〉 7→ OB〈 ~J〉 , (A.13a)
ΓJ 7→ OBΓJOTB , (A.13b)
2These are su(2) operators obtained through a Schwinger representation. See Ap-
pendix B
where OB is an orthogonal matrix describing a rotation of a phase θ = κB∆t
about the direction of the field, e.g.,
OB =
 cos(κB∆t) − sin(κB∆t) 0sin(κB∆t) cos(κB∆t) 0
0 0 1
 , (A.14)
when the field is oriented along the zˆ axis. In the Bloch sphere this corre-
sponds to a coherent rotation of 〈J〉 about the field axis Bˆ that preserves
the shape of the uncertainty region.
QND measurement of Jz The QND measurement is an indirect mea-
surement, that can be decomposed into three steps: the preparation of the
probe state, the interaction and the projective measurement of the probe.
As an indirect measurement, it is performed with a system composed of the
target HT and a meter HM . The additional requirement for such indirect
measurement to be a true QND is that the observable OT to be measured is
conserved during the evolution, while an observable of the meter OM is per-
turbed, acquiring information about the value of OT . As a consequence, the
easiest is to choose the interaction hamiltonian HI such that [HI , OT ] = 0
and [HI , OM ] 6= 0.
In the case of our interest, the QND measurement is performed in an
atomic ensemble interacting with light pulses used as a meter. Moreover
it can be achieved even within the framework of Gaussian states, i.e., as
a Gaussian probabilistic operation. The observable to be measured is a
component of the collective spin, say Jz, of an initially prepared Gaussian
state. The meter observable is the polarization component Sy of a Gaussian
state of the light. Ideally each of the probe pulse is prepared in the coherent
state such that ~S(i) = (NL2 , 0, 0) and ΓS(i) = diag(0,
NL
4 ,
NL
4 ).
The light-atoms interaction is ideally described by the QND hamiltonian
HI = gJzSz , (A.15)
that indeed is such that [HI , Jz] = 0 and [HI , Sy] 6= 0. After a pulse ~S(i)
has passed through the atomic ensemble and interacted with it for a very
small time τ , the mean vector and covariance matrix of the system+meter
is updated as
〈~V 〉 7→M (i)QND〈~V 〉 , (A.16a)
ΓV 7→M (i)QNDΓV (M (i)QND)T , (A.16b)
where at a first order approximation in gτ (it is thus assumed, just as a
convenient approximation, that gτ  1), the linear transformation has the
form M (i)QND =
(
MA B
(i)
at
B
(i)
l ML
)
, where the submatrices B(i)at and B
(i)
l represent
the back action of the interaction on the atoms and light respectively. In
particular,M (i)QND is the identity apart from the elements ΓJy ,S(i)z and ΓS(i)y ,Jz
that are given by the following input/output relations
S(out)y = S
(in)
y + gJ
(in)
z S
(in)
x , (A.17a)
J (out)y = J
(in)
y + gJ
(in)
x S
(in)
z . (A.17b)
Thus, in this step of the measurement there is a back action. The character-
izing feature of the QND measurement is that such back action is entirely on
a conjugate variable, Jy, that ideally is perturbed by the minimal amount
allowed by the Heisenberg uncertainty principle.
The last step of the QND measurement is a projection of the meter
observable Sy. In this case this formally corresponds, at the level of the
Gaussian framework, to a random update of the mean vector, depending on
the actual outcome, and a deterministic, projective transformation of the
covariance matrix, namely
ΓV 7→ ΓV −
ΓV ΠS(i)y
ΓTV
Tr(ΓV ΠS(i)y
)
, (A.18a)
where Π
S
(i)
y
is the projector onto the S(i)y element of the unit vector in the
space of ~V . This step corresponds to the acquisition of information and there
is no further back action on the system.
Uncoherent noise Apart from a coherent evolution, the atomic ensem-
ble can experience a loss of coherence and reduction of polarization due to
various noise effects, such as, e.g., off-resonant scattering of the QND probe
light. All these processes, can be described by Gaussian transformations of
the form (A.10a) for suitable matrices M , NV and NΓ satisfying the con-
straint
NΓ + iΣ
′ − iMΣMT ≥ 0 , (A.19)
where i(Σ)ab = [Va, Vb] and Σ′ similarly defined are the matrices providing
the commutation relations of the vector ~V elements respectively before and
after the transformation. This is a constraint for the physicality of the output
state that comes from the Heisenberg uncertainty relations.

Appendix B
Spin Squeezing and
permutational symmetry
All the spin squeezing inequalities are based on collective observables Jk =∑
n j
(n)
k , that are N -particle permutationally invariant operators, namely
P †j JkPj = Jk for each of theN ! permutations Pj of the particles. All the SSIs,
then, are particularly tied for detecting permutationally invariant states, i.e.,
states ρ such that P †j ρPj = ρ.
In fact, for example, all the states that maximally violate each of the
SSIs (3.19) are permutationally invariant. In general to each physical value
of a spin squeezing parameter corresponds a permutationally invariant state.
This means that the value of a spin squeezing parameter ξ2X(ρ) of a state
ρ remains the same if one substitutes ρ with its permutationally invariant
component ρPI := 1N !
∑
j P
†
j ρPj , i.e., ξ
2
X(ρ) = ξ
2
X(ρPI) for all states ρ.
This can be also seen by reformulating the inequalities in terms of aver-
age n-body correlations. In particular since Eq. (3.19) contain just first and
modified second moments of such collective quantities, they can be reformu-
lated in terms of average 2-body correlations only.
For that, we define the average two-particle density matrix as
ρav2 :=
1
N(N−1)
∑
m 6=n
ρmn, (B.1)
where ρmn is the two-particle reduced density matrix for the mth and nth
particles. This is a 2-particle permutationally invariant state. Then, we
formulate our entanglement conditions (3.19) with the density matrix ρav2.
Observation B.1. (Optimal SSIs in terms of ρav2). The optimal Spin
Squeezing Inequalities Eq. (3.19) can be given in terms of the average two-
body density matrix as
N
∑
l∈I
(〈jl ⊗ jl〉av2 − 〈jl ⊗ 1〉2av2) ≥ Σ− j2, (B.2)
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where we have defined the expression Σ as the sum of all the two-particle
correlations of the local spin operators
Σ :=
∑
l=x,y,z
〈jl ⊗ jl〉av2. (B.3)
The right-hand side of Eq. (B.2) is nonpositive. For the j = 12 case, the
right-hand side of Eq. (B.2) is zero for all symmetric states, i.e., states |ϕ〉,
such that Pj |ϕ〉 = |ϕ〉 for all permutations Pj. For j > 12 the right-hand side
of Eq. (B.2) is zero only for some symmetric states.
Proof. Equation (3.19) can be transformed into
(N − 1)
∑
l=x,y,z
(∆˜Jl)
2 +N(N − 1)j2 ≥ (N − 1)
∑
l /∈I
(∆˜Jl)
2 +
∑
l /∈I
〈J˜2l 〉 , (B.4)
Let us now turn to the reformulation of Eq. (B.4) in terms of the two-
body reduced density matrix. The modified second moments and variances
can be expressed with the average two-particle density matrix as
〈J˜2l 〉 =
∑
m 6=n
〈j(n)l j(m)l 〉 = N(N − 1)〈jl ⊗ jl〉av2,
(∆˜Jl)
2 = −N2〈jl ⊗ 1〉2av2 +N(N − 1)〈jl ⊗ jl〉av2.
(B.5)
Substituting Eq. (B.5) into Eq. (B.4), we obtain Eq. (B.2). As well as in
Eq. (B.4), the right-hand side of Eq. (B.2) is zero for symmetric states of
spin-12 particles.
Note that, as in the spin-12 case, there are states detected as entangled
that have a separable two-particle density matrix [160, 161, 171]. Such states
are, for example, permutationally invariant states with certain symmetries
for which the reduced single-particle density matrix is completely mixed.
For large N, due to permutational invariance and the symmetries mentioned
above, the two-particle density matrices are very close to the identity ma-
trix as well and hence they are separable. Still, some of such states can be
detected as entangled by our optimal Spin Squeezing inequalities. Exam-
ples of such states are precisely the permutationally invariant singlet states
discussed in Sec. 3.1.1.
Our inequalities are entanglement conditions. We can thus compare them
to the most useful entanglement condition known so far, the condition based
on the positivity of the partial transpose (PPT), introduced in Th. 2.1.2.
Staying within the framework of permutationally invariant states, we can
consider the special case of symmetric states, for which the PPT criterion
can be stated in other equivalent forms, more similar to the SSIs [159]. We
find that in this special case, the PPT condition applied to the reduced
two-body density matrix detects all states detected by the spin-squeezing
inequalities.
Observation B.2. (SSIs are equivalent to PPT for symmetric states).The
PPT criterion for the average two-particle density matrix defined in Eq. (B.1)
detects all symmetric entangled states that the optimal SSIs detect for j > 12 .
The two conditions are equivalent for symmetric states of particles with j =
1
2 .
Proof. We will connect the violation of Eq. (B.2) to the violation of the PPT
criterion by the reduced two-particle density matrix %av2. If a quantum state
is symmetric, its reduced state %av2 is also symmetric. For such states, the
PPT condition is equivalent to [159]
〈A⊗A〉av2 − 〈A⊗ 1〉2av2 ≥ 0 (B.6)
holding for all Hermitian operators A. Based on Observation 3, it can be
seen by straightforward comparison of Eqs. (B.2) and (B.6) that, for j = 12 ,
Eq. (B.2) holds for all possible choices of I and for all possible choices of
coordinate axes, i.e., all possible jl, if and only if Eq. (B.6) holds for all
Hermitian operators A. For j > 12 there is no equivalence between the two
statements. Only from the latter follows the former.
In the derivation of the SSIs it has been implicitly assumed that the par-
ticles are distinguishable. This is also the situation that one can encounter in
many experimental systems, such as e.g., trapped ions, in which the particles
are distinguished by their location, i.e., a definite site in a lattice. However
many spin squeezing experiments are done with Bose-Einstein condensates.
In this situation the particles (bosons) cannot be always considered distin-
guishable, since they must satisfy the requirement that their collective state
must be in the symmetric subspace, and thus it must be ideally either fully
separable or truly N -partite entangled. In practice any depth of entangle-
ment smaller than N would mean that some noise or some other way to
distinguish the particles was present.
Still, even for indistinguishable bosons the spin squeezing conditions sig-
nal entanglement and e.g., the relation between shot-noise limit and separa-
ble states holds formally as well. This fact also makes bosonic systems like
BEC an ideal setup to produce states with an high entanglement depth. In
such systems, the most natural formalism is the Fock operator description of
multi particle systems, and in particular the so called Schwinger representa-
tion of the collective spin operators. From two modes (aH , a
†
H), (aV , a
†
V ) we
can construct a spin-j = 12 representation as
Jk =
1
2
(a†H , a
†
V )σk(aH , aV ) , (B.7)
where note that these are already collective operators and in particular
Jz =
1
2(NH − NV ) = N2 − NL is the difference between the number opera-
tors of modes H and V . These modes can be e.g., two photon polarisations
(Horizontal and Vertical), or two atomic levels (|H〉, |V 〉). These operators
are also sometimes called pseudo-spin, and act only on the permutationally
symmetric subspace of states. Their definition can be used to conveniently
define the collective spin operators in any system of many bosons, e.g., also
for atoms in a Bose-Einstein condensate. They are what is actually mea-
sured in many experimental systems (i.e., population difference between two
levels), including photons and Bose-Einstein condensates.
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